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Abstract—Suppose a given observation matrix can be
decomposed as the sum of a low-rank matrix and a sparse
matrix, and the goal is to recover these individual compo-
nents from the observed sum. Such additive decompositions
have applications in a variety of numerical problems
including system identification, latent variable graphical
modeling, and principal components analysis. We study
conditions under which recovering such a decomposition
is possible via a combination of /; norm and trace norm
minimization. We are specifically interested in the question
of how many sparse corruptions are allowed so that convex
programming can still achieve accurate recovery, and we
obtain stronger recovery guarantees than previous studies.
Moreover, we do not assume that the spatial pattern of
corruptions is random, which stands in contrast to related
analyses under such assumptions via matrix completion.

Index Terms—Matrix decompositions, sparsity, low-
rank, outliers

I. INTRODUCTION

HIS work studies additive decompositions of ma-

trices into sparse and low-rank components. Such
decompositions have found applications in a variety of
numerical problems, including system identification [[1]],
latent variable graphical modeling [2], and principal
component analysis (PCA) [3]. In these settings, the
user has an input matrix Y € R™*™ which is believed
to be the sum of a sparse matrix Xg and a low-rank
matrix X . For instance, in the application to PCA,
X1, represents a matrix of m data points from a low-
dimensional subspace of R™, and is corrupted by a sparse
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matrix Xg of errors before being observed as

Y = Xg¢ +

(sparse)

Xr.

(low-rank)

The goal is to recover the original data matrix Xj,
(and the error components Xg) from the corrupted
observations Y. In the latent variable model application
of Chandrasekaran et al. [2], Y represents the precision
matrix over visible nodes of a Gaussian graphical model,
and Xg represents the precision matrix over the visible
nodes when conditioned on the hidden nodes. In general,
Y may be dense as a result of dependencies between
visible nodes through the hidden nodes. However, Xg
will be sparse when the visible nodes are mostly in-
dependent after conditioning on the hidden nodes, and
the difference X;, = Y — Xg will be low-rank when
the number of hidden nodes is small. The goal is then
to infer the relevant dependency structure from just the
visible nodes and measurements of their correlations.

Even if the matrix Y is exactly the sum of a sparse
matrix Xg and a low-rank matrix X, it may be im-
possible to identify these components from the sum. For
instance, the sparse matrix X g may be low-rank, or the
low-rank matrix X may be sparse. In such cases, these
components may be confused for each other, and thus
the desired decomposition of Y may not be identifiable.
Therefore, one must impose conditions on the sparse
and low-rank components in order to guarantee their
identifiability from Y.

We present sufficient conditions under which X g and
X, are identifiable from the sum Y. Essentially, we
require that Xg not be too dense in any single row
or column, and that the singular vectors of X not be
too sparse. The level of denseness and sparseness are
considered jointly in the conditions in order to obtain the
weakest possible conditions. Under a mild strengthening
of the condition, we also show that X¢ and X can be
recovered by solving certain convex programs, and that
the solution is robust under small perturbations of Y.
The first program we consider is

min >‘||XSHvec(1) + HXLH*



(subject to certain feasibility constraints such as || Xg +
X —Y| < e), where |- |lec(1) is the entry-wise 1-norm
and || - ||« is the trace norm. These norms are natural
convex surrogates for the sparsity of Xg and the rank of
X1 [4], [S], which are generally intractable to optimize.
We also consider a regularized formulation

o1
min o7 1 Xs + Xp = Y [ec2) + M Xsllveeny + [ X1l

where || - [|yec(2) is the Frobenius norm; this formulation
may be more suitable in certain applications and enjoys
different recovery guarantees.

A. Related work

Our work closely follows that of Chandrasekaran et
al. [1], who initiated the study of rank-sparsity incoher-
ence and its application to matrix decompositions. There,
the authors identify parameters that characterize the
incoherence of X g and X, sufficient to guarantee identi-
fiability and recovery using convex programs. However,
their analysis of this characterization yields conditions
that are significantly stronger than those given in our
present work. For instance, the allowed fraction of non-
zero entries in Xg is quickly vanishing as a function of
the matrix size, even under the most favorable conditions
on Xp; our analysis does not have this restriction and
allows Xg to have up to Q2(mn) non-zero entries when
X1, is low-rank and has non-sparse singular vectors. In
terms of the PCA application, our analysis allows for
up to a constant fraction of the data matrix entries to
be corrupted by noise of arbitrary magnitude, while the
analysis of [1]] requires that it decrease as a function of
the matrix dimensions. Moreover, [1] only considers ex-
act decompositions, which may be unrealistic in certain
applications; we allow for approximate decompositions,
and study the effect of perturbations on the accuracy of
the recovered components.

The application to principal component analysis with
gross sparse errors was studied by Candes er al. [3],
building on previous results and analysis techniques for
the related matrix completion problem (e.g., [6l, [Z]]).
The sparse errors model of [3] requires that the support
of the sparse matrix Xg be random, which can be
unrealistic in some settings. However, the conditions
are significantly weaker than those of [1]: for instance,
they allow for Q(mn) non-zero entries in Xg. Our
work makes no probabilistic assumption on the sparsity
pattern of Xg and instead studies purely deterministic
structural conditions. The price we pay, however, is
roughly a factor of rank(X ) in what is allowed for the
support size of Xg (relative to the probabilistic analysis

of [3]]). Narrowing this gap with alternative deterministic
conditions is an interesting open problem. Follow-up
work to [3]] studies the robustness of the recovery pro-
cedure [8]], as well as quantitatively weaker conditions
on Xg [9]], but these works are only considered under
the random support model. Our work is therefore largely
complementary to these probabilistic analyses.

B. Outline

We describe our main results in Section [l In Sec-
tion we review a number of technical tools such as
matrix and operator norms that are used to characterize
the rank-sparsity incoherence properties of the desired
decomposition. Section analyzes these incoherence
properties in detail, giving sufficient conditions for iden-
tifiability as well as for certifying the (approximate)
optimality of a target decomposition for our optimization
formulations. The main recovery guarantees are proved
in Sections [V] and [VII

II. MAIN RESULTS

Fix an observation matrix Y € R™*". Our goal is to
(approximately) decompose the matrix Y into the sum
of a sparse matrix Xg and a low-rank matrix Xp.

A. Optimization formulations

We consider two convex optimization problems over
(Xs,X1) € Rm*™ x R™*"™_ The first is the constrained
formulation (parametrized by A > 0, €yec(1) > 0, and
€x > 0)

min - Al Xs|lvee(ry + | XL
st I Xs + Xz = Ylvee(1) < €vec(n) €]
|1 Xs 4+ X =Y. <e.

where || - [|vec(1) is the entry-wise 1-norm, and || - ||, is
the trace norm (i.e., sum of singular values). The sec-
ond is the regularized formulation (with regularization
parameter p > 0)

o1
min ZHXS + X1 = Y ey + A Xsllvee(r) + 1 XLl
(2

where || - [|vec(2) is the Frobenius norm (entry-wise 2-
norm).

We also consider adding a constraint to control
| XL||vec(so) the entry-wise oo-norm of X . To (I, we
add the constraint

”XL”Vec(oo) <b
and to (@), we add
”XS - YHVec(oo) <b



The parameter b is intended as a natural bound for X,
and is typically known in applications. For example, in
image processing, the values of interest may lie in the
interval [0, 255] (say), and hence, we might take b = 500
as a relaxation of the box constraint [0, 255]. The core of
our analyses do not rely on these additional constraints;
we only consider them to obtain improved robustness
guarantees for recovering X, which may be important
in some applications.

B. Identifiability conditions

Our first result is a refinement of the rank-sparsity
incoherence notion developed by [1l]. We characterize
a target decomposition of Y into Y = Xg + X by
the projection operators to subspaces associated with Xg
and X. Let

Q = Q(Xs) = {X e R™" :supp(X) C supp(Xs)}

be the space of matrices whose supports are subsets of
the support of X5, and let Pg be the orthogonal projector
to Q under the inner product (A, B) = tr(A' B); this
projection is given by

M; ;

Po(M));; = { s i (i) € supp(Xs)

otherwise
for all i € [m] := {1,...,m},j € [n] :=
Furthermore, let

T = T(XL) =
{X) + Xy € R™*" : range(X;) C range(Xz),
range(X, ) C range(X; )}

be the span of matrices either with row-space contained
in that of X, or with column-space contained in that of
X7 Let Pz be the orthogonal projector to T, again, un-
der the inner product (A, B) = tr(AT B); this projection
is given by

Pr(M)=UU"M+MVV'T —UU"MVVT

where U € R™*™ and V' € R™ " are, respectively,
matrices of left and right orthonormal singular vectors
corresponding to the non-zero singular values of X,
and 7 is the rank of X;. We will see that certain
operator norms of Pg and P# can be bounded in terms
of structural properties of Xg and X .

The first property measures the maximum number of
non-zero entries in any row or column of Xs:

max{ p|| sign(Xs)|[l1-1,
P | sign(Xs)loc—oc }

a(p) =

where || M]|-.q = max{[[Mo]l, : v € B, o], < 1},

—1 i M <0
sign(M); ; = 0 ifM;; =0 Vie[m],je[n]
+1if My, >0

and p > 0 is a balancing parameter to accommodate
disparity between the number of rows and columns;
a natural choice for the balancing parameter is p :=
\/n/m. We remark that p is only a parameter for the
analysis; the optimization formulations do not directly
involve p. Note that X5 may have (mn) non-zero

entries and a(y/n/m) = O(y/mn) as long as the non-

zero entries of X g are spread out over the entire matrix.
Conversely, a sparse matrix with just O(m + n) could
have a(y/n/m) = /mn by having all of its non-zero
entries in just a few rows and columns.

The second property measures the sparseness of the
singular vectors of X :

ﬁ(p) = p_1||UUT||vec(oo)+p||VVTHvec(oo)
+ 1Ull2500 V]2 00-

For instance, if the singular vectors of X, are perfectly
aligned with the coordinate axes, then 3(p) = ©(1). On
the other hand, if the left and right singular vectors have

entries bounded by \/c/m and +/c/n, respectively, for
some ¢ > 1, then 5(y/n/m) < 3cF/\/mn.

Our main identifiability result is the following.
Theorem 1. If inf ,~0 a(p)B(p) < 1, then QNT = {0}.

Theorem |I| is an immediate consequence of the fol-
lowing lemma (also given as Lemma [10).

Lemma 1. For all M € R™*", ||Pq(Pz(M))l|vec(1) <
infp>0 O‘(/))ﬁ(p)HM”vec(l)'

Proof of Theorem [I} Take any M € QN T. By
Lemma [} [[Po(Pr(M))veett) < a(p)B(0)IM]lvecy-
On the other hand, Pg(Pr(M)) = M, so a(p)B(p) < 1
implies || M||vec(1) = 0, i.e., M = 0. [ |

Clearly, if 2 NT contains a matrix other than 0, then
{(Xs+ M, X, —M): M € QNT} gives a family
of sparse/low-rank decompositions of ¥ = Xg + X
with at least the same sparsity and rank as (Xg, Xr).
Conversely, if QNT = {0}, then any matrix in the direct
sum Q@ T has exactly one decomposition into a matrix
A € Q plus a matrix B € T, and in this sense (Xg, X[,)
is identifiable.

Note that, as we have argued above, the condition
inf,~0 a(p)B(p) < 1 may be achieved even by ma-
trices Xg with Q(mn) non-zero entries, provided that
the non-zero entries of Xg are sufficiently spread out,
and that X is low-rank and has singular vectors far




from the coordinate basis. This is in contrast with the
conditions studied by [1]]. Their analysis uses a different
characterization of X¢ and X, which leads to a stronger
identifiability condition in certain cases. Roughly, if
Xs has an approximately symmetric sparsity pattern
(so |Isign(Xg)|l1m1 =~ |sign(Xs)||co—oo), then [I1
requires a(1)4/B(1) < 1 for square n x n matricesi
Since 3(1) = Q(1/n) for any X, € R™*", the condition
implies a(1)? = O(n). Therefore X must have at most
O(n) non-zero entries (or else «(1)? becomes super-
linear). In other words, the fraction of non-zero entries
allowed in Xg by the condition «(1)y/B(1) < 1 is
quickly vanishing as a function of n.

C. Recovery guarantees

Our next results are guarantees for (approximately)
recovering the sparse/low-rank decomposition (Xg, X7)
from Y = Xg+ X, via solving either convex optimiza-
tion problems (T)) or (2). We require a mild strengthening
of the condition inf,-oa(p)B(p) < 1, as well as
appropriate settings of A > 0 and p > 0 for our recovery
guarantees. Before continuing, we first define another
property of X :

v = HUVT chc(oo)

which is approximately the same as (in fact, bounded
above by) the third term in the definition of S3(p).
The quantities a(p), B(p), and « are central to our
analysis. Therefore we state the following proposition for
reference, which provides a more intuitive understanding
of their behavior. We note that this is the only part in
which any explicit dimensional dependencies comes into
our analysis.

Proposition 1. Let mqg be the maximum number of non-
zero entries of X per column and ng be the maximum
number of non-zero entries of Xg per row. Let T be the
rank of U and V. Assume Surther that mg < cym/T and
ng < cin/7 for some c¢; € (0,1), and HUHVGC(OO) <

Vea/m and |V |yee(oo) < V/c2/n for some c; > 0.
Then with p = \/n/m, we have

36277 CoT

Blp) <

) v <

alp) < L mn,
T

f

[T does not explicitly work out the non-square case, but claims
that . can be replaced in their analysis by the larger matrix dimension
max{m, n}. However this does not seem possible, and the analysis
there should only lead to the quite suboptimal dimensionality depen-
dency min{m, n}. This is because a rectangular matrix X 7, will have
left and right singular vectors of different dimensions and thus different
allowable ranges of infinity norms.

We now proceed with conditions for the regularized
formulation Z). Let £ :=Y — (Xs + X) and

[Ell2-2
”EHvec(oo) + ||PT(E)||V6C((X>)

We require the following, for some p > 0 and ¢ > 1:

€242 =

€vec(oo)

a(p)Blp) <1 3)
| o (L= a()BE)(1 —c p )
= c-ap) “
_ a(p)lj’_:LGvec(oo) + a(p)/y
a(p)
v+ N71(2 - a(p)ﬁ(p))eveC(oo)
A . .
= T alB) - aBe)
For instance, if for some p > 0,
alpy< 4 ad (B <  ©

then the conditions are satisfied for ¢ = 2 provided that
1 and A are chosen to satisfy

s {1 2]
u =z max €22, 15 ) a

2 82 alp)
Note that @ can be satisfied when ¢; < ¢y 1 /41 in
Proposition

For the constrained formulation @]) our analysis re-
quires the same conditions as above, except with E set
to 0. Note that our analysis still allows for approximate
decompositions; it is only the conditions that are for-
mulated with £ = 0. Specifically, we require for some
p>0and c> 1:

a(p)Bp) <1 (8)

A < L —a(p)B(p) —c-alp)y ©
c-a(p)

A > e i > 0. (10)

= T 1—a(p)Blp) — c- a(p)Blp)

For instance, if for some p > 0,

alpy< 5z and a()flp) <y (D

then the conditions are satisfied for ¢ = 2 provided that
A is chosen to satisfy

G| =

1
3a(p)’

Note that (11) can be satisfied when ¢; < ¢y /15 in
Proposition

5 < A < (12)



In summary, Proposition [T] shows that our results can
be applied even with mg = Q(m/7) and ny = Q(n/7)
corruptions. In contrast, the results of [1]] only apply un-
der the condition max(mg,ng) = O(y/min(m,n)/7),
which is significantly stronger. Moreover, unlike the
analysis of [3]], we do not have to assume that supp(X s)
is random.

The following theorem gives our recovery guarantee
for the constrained formulation (T).

Theorem 2. Fix a target pair (Xg,Xz) € R™*" x
R™" satisfying ||Y — (Xs + X1)llvec(1) < €vec(1) and
IV — (Xs + X1)|l« < €. Assume the conditions (B,
(EI), apd (]ED hold for some p > 0 and ¢ > 1.
Let (Xg,X1) € R™*™ be the solution to the convex
optimization problem (I). We have

maX{HXS - XS”Vec(l)a HXL - XLHVec(l)}
2 —
< (1 +(1=1/c)7 - Oz(p)ﬁ(p)) - Evec(1)

1—a(p)B(p)
—1. 2—a(p)B(p)
1-1 o2 PRV e
A AR
If, in addition for some b > ||)_(L||Vec(oo), either:

o the optimization problem (1)) is augmented with the
constraint || Xp|lvec(oc) < b (and letting X, =
X L), or

« X (1, is post-processed by replacing [(X1]i i with
[XL]M = mlm{max{[XL]M7 b}, b} for all i, 3,

then we also have

||XL - XL ||vec(2)

< min{XL - XLHVGC(I)7 \/2b ' ||XL - XL”vec(l)} .

The proof of Theorem [2]is in Section[V] It is clear that
if Y = Xg + X, then we can set €vec(l) = € = 0 and
we obtain exact recovery: XS = Xg and X L = X1.
Moreover, any perturbation Y — (Xg + X ) affects
the accuracy of (XS, X 1) in entry-wise 1-norm by an
amount O(€yec(1) + €+/A). Note that here, the parameter
A serves to balance the entry-wise 1-norm and trace
norm of the perturbation in the same way it is used
in the objective function of (]II) So, for instance, if we
have the simplified conditions (TT)), then we may choose
A= /(5/3)v/a(p) to satisfy (12)), upon which the error
bound becomes

ma'X{HXS - XS||VCC(1)7 HXL - XLHVCC(I)}

alp)
v )

=0 <€vec(1) =+

It is possible to modify the constraints in (1) to use
norms other than || - [|yec(1) and || - ||«; the analysis could
at the very least be modified by simply using standard
relationships to change between norms, although this
may introduce new slack in the bounds. Finally, the
second part of the theorem shows how the accuracy of
X, in Frobenius norm can be improved by adding an
additional constraint or by post-processing the solution.

Now we state our recovery guarantees for the regular-
ized formulation (2).

Theorem 3. Fix a target pair (Xgs,Xy) € R™*" x
R™ ", Let E =Y — (Xs + X1 ) and

€252 = [|E|l2m2
€vec(oo) = HEHvec(oo) + ||PT(E)||vec(oo)
= [IPz(E)|+-

Let k := |supp(Xs)| and 7 := rank(Xy). Assume the
conditions @, @), and @ hold for some p > 0 and c >
1. Let (Xg,X1) € R™*" be the solution to the convex
optimization problem @) augmented with the constraint
||XS - YHvec(oo) < bfor some b > ||XS - YHvec(oo)
(b = ¢ is allowed). Let

=/
o=

6vcc(oo)> 2]; ( €

A+ . A+ + ———
( 1 1 —a(p)B(p)

+ (1+2u  eayp) - 27

(20 (1

1—a(p)B(p)
We have
||XS - XSHvec(l

(1 1/ )/\ +)\k M+2\/> M+k Evec(oo)
- 1 —a(p)B(p)

||XS - X'SHveC(Q)
S min {|XS - XSHvec(l)7 \/2b ! ||XS - stec(l)}
< Vor | X — Xsllvee(2) + €.

IXL — Xl
7.o(1—-1/¢)7 !
(UG
2

The proof of Theorem [3] is in Section [VI, As before,
if Y = Xg+ X so E =0, then we can set 4 — 0 and
obtain exact recovery with X s = Xg and X, = Xg.
When the pegturbatlon FE is non-zero, we control the
accuracy of Xg in entry-wise 1-norm and 2-norm, and

the accuracy of X7y, in trace norm. Under the simplified
conditions (6), we can choose A\ = (15/82)/a(p) and




p = max{dez 2, 2€vec(o0)/(15A)} to satisfy (7)); this
leads to the error bounds

HXS - XSHvec(l) = O(fa(p) max{€2—>27 a(p)evec(oo)})
X — Xrll« =

O(\/?jmll’l{\/b . ||XS - XS”vcc(l)? ||XS - XSchc(l)}

+ 6; + 7 - max {62%27 a(p)evec(oo)}>

(here, we have used the facts k < a(p)?, a(p)\ = O(1),
and 7 = O(7), which also implies that k - €yec(o0) =
O(a(p)-a(p)€vec(sc)))- Finally, note that if the constraint
[ Xs = Yllvec(oo) < b is added (ie., b < oc), then the
requirement b > || Xs — Y||yec(o0) can be satisfied with
b := || Xs|lvec(oo) + €vec(oc)- This allows for a possibly
improved bound on || X1 — Xp]|..

Our analysis centers around the construction of a dual
certificate using a least-squares method similar to that
in related works [1]], [3]. The construction requires the
invertibility of Pg o P (a composition of projection
operators), which is established in our analysis by study-
ing certain operator norms of Pg and Pz (in previous
works, invertibility is established only under probabilis-
tic assumptions [3|] or stricter sparsity conditions [1]).
The rest of the analysis then relates the accuracy of the
solutions to and to properties of the constructed
dual certificate.

D. Examples

We illustrate our main results with some simple ex-
amples.

1) Random models: We first consider a random model
for the matrices Xg and X, [1]. Let the support of Xg
be chosen uniformly at random k times over the [m] x [n]
matrix entries (so that one entry can be selected multiple
times). The value of the entries in the chosen support can
be arbitrary. With high probability, we have

. _ klogn
|s1gn(XS)1_>1:0< & > and

n
. _ klogm
Isign(Xs)|loesoe = O ( g )
m

so for p := \/(nlogm)/(mlogn), we have

(logm)(logn) > '

mn

a(p) =0 (l%

The logarithmic factors are due to collisions in the
random process. Now let U and V' be chosen uniformly

at random over all families of 7 orthonormal vectors in
R™ and R", respectively. Using arguments similar to
those in [6], one can show that with high probability,

rlogm)

m
- B zn
||VV Hvec(oo) =0 ( n )
_ at
10|20 = O (N/’" Ogm>
m
rlogn
n b

so for the previously chosen p, we have

||UUT||vec(oo) =0 (

7lo

V]2 = O

mn

Blp) =0 (7’

'y:O<F

(log m)(log n)) ind

mn

(logm)(logn) ) .

Therefore

k(log m)(log n) and
mn

mn

k7 (log m)(log n) >

both of which are < 1 provided that

~ mn
<y -
ks 7(logm)(log n)

for a small enough constant 6 € (0,1). In other words,
when X is low-rank, the matrix XS can have nearly
a constant fraction of its entries be non-zero while still
allowing for exact decomposition of Y = Xg+ X . Our
guarantee improves over that of [[1] by roughly a factor of
Q((mn)'/*), but is worse by a factor of 7(logm)(logn)
relative to the guarantees of [3] for the random model.
Therefore there is a gap between our generic determin-
istic analysis and a direct probabilistic analysis of this
random model, and this gap seems unavoidable with
sparsity conditions based on «(p). This is because X7,
could be an n x n (for simplicity) block diagonal matrix
with r blocks of n/r x n/r rank-1 matrices; such a
matrix guarantees 3(1) = O(r/n) but has just n?/r
non-zero entries. It is an interesting open problem to
find alternative characterizations of supp(Xg) that can
narrow or close this gap.



2) Principal component analysis with sparse corrup-
tions: Suppose X, is matrix of m data points lying in a
low-dimensional subspace of R", and Z is a random
matrix with independent Gaussian noise entries with
variance o2. Then Y/ = X; + Z is the standard
model for principal component analysis. We augment
the model with a sparse noise component Xg to obtain
Y = Xg+ X1 + Z; here, we allow the non-zero entries
of Xg to possibly approach infinity.

According to Theorem [3] we need to estimate
HZH2—>2’ ”Z”vec(oo)’ HPT(Z)”vec(oo)v and ”P’I_’(Z)H*
We have the following with high probability [10]],

1Z]ls2 < o/ + 0/ + O(0).

Using standard arguments with the rotational invariance
of the Gaussian distribution, we also have

||Z||vec(oo) < O(U IOg(mn))
HPT(Z)Hvec(oo) < O(U log(mn))

with high probability. Finally, by Lemma [5] we have
|P#(2)|l« < 27(| Z|la—2 < 2F0/m + 2Fay/n 4 O(70).

Suppose (Xs,X1) has a(p) < a(vmn/7), B(p) =
O(7/y/mn), and v = O(7/y/mn) and satisfies the
simplified condition (6). This can be achieved with
c1¢2 < 1/41 in Proposition |1} Also assume A and p are
chosen to satisfy (7), and that b > | XL Ilvec(oo) +€vec(oo)-
Then we note that k = O(c?mn/7?), and thus have from
Theorem [3| (see the discussion thereafter):

1Xs — Xsllvec(r)

= O(crvmnmax{cy/m + o\/n,o/mnlog(mn)/7})

= O (oeymnlog(mn)/7)

X — Xz« = O(\/boclmnlog(mn)/f
+7o(v/m+/n)) + civ/mn),

where we may take b = O(c log(mn) + || XL |lvec(oo)))-

Now consider the situation where both m,n —
oo, and assume that || X Lllvec(oo) Temains bounded. If
c1(log(mn))? = o(1)—which means that the number
of corruptions per column is o(m/(log(mn))?) and
the number of deterministic corruptions per row is
o(n/(log(mn))?)—then

| XL = Xp|lx = O(Fo(v/m + V/n))

so the normalized trace norm error of X, tends to zero

LT S SN}

v mn
This means that we can correctly recover the principal
components of X; with both deterministic corruptions
and random noise, when both m and n are large and

c1(log(mn))? = o(1) in Proposition

and

III. TECHNICAL PRELIMINARIES

A. Norms, inner products, and projections

Our analysis involves a variety of norms of vectors,
matrices (viewed as elements of a vector space as well
as linear operators of vectors), and linear operators of
matrices; we define these and related notions in this
section.

1) Entry-wise norms: For any p € [1,00], define
[v]l, :== (3, vi|P)}/? be the p-norm of a vector v
(with [|v][eo 1= max; |vs]). Also, define || M ||vec(p) =
(> i |M; j|P)}/P to be the entry-wise p-norm of a
matrix M (again, with ||M||vec(ooy 1= max; j |M; ;).
Note that || - [|vec(2) corresponds to the Frobenius norm.

2) Inner products, linear operators, and orthogonal
projections: We endow R™*"™ with the inner product
(+,-) between matrices that induces the Frobenius norm
| lvee(2); this is given by (M, N) = tr(M T N).

For a linear operator 7 : R™*"™ — R™*" we denote
its adjoint by 7*; this is the unique linear operator that
satisfies (T*(M), N) = (M, T(N)) for all M € R™*"
and N € R™*" (in this work, we only consider bounded
linear operators). For any two linear operators 7; and
T2, we let 71 o T5 denote their composition as defined
by (73 0 T2) (M) := Ti(Ta(M)).

Given a subspace W C R™*" we let W+ denote its
orthogonal complement, and let Py : R™*"™ — R™*"
denote the orthogonal projector to W with respect to
(-,-), i.e., the unique linear operator with range W and
satisfying Pw™ = Pw and Py o Py = Pw.

3) Induced norms: For any two vector norms || - ||,
and | - |14, define M, = maxs.zo | Mz]ly/ 2]l to
be the corresponding induced operator norm of a matrix
M. Our analysis uses the following special cases which
have alternative definitions:

o [M]ho1 = max; || Mej]|1,

o [IM][1-2 = max; [[Me;]|2,

e ||M||2—2 = spectral norm of M

(i.e., largest singular value of M),

o ||M]]2-500 = max; || M Te;||2, and

o [[M]loosoo = max; [|M el

Here, e; is the ith coordinate vector which has a 1 in the
1th position and 0 elsewhere.

Finally, we also consider induced operator norms
of linear matrix operators 7 : R™*™ — R™*™ (in
particular, projection operators with respect to (-, -)).
For any two matrix norms || - || and || - ||o, define
[T lo—0 = maxprzo [|T(M) o/ |M]lo-

4) Other norms: The trace norm (or nuclear norm)
[|M]|.« of a matrix M is the sum of the singular values
of M. We will also make use of a hybrid matrix norm




Il - l4(p)» parametrized by p > 0, which we define by

1M ]l5(p) = max{p| Ml151, p~" [ M]loo—sc0}-

Also define [|[M||,(,) = SUP|\N\|W)§1<M7 N), ie., the
dual of || - [|g(,) (see below).

5) Dual pairs: The matrix norm || - ||o is said to
be dual to || - ||a if, for all M € R™*", |Mllo =

sup |y o<1 (M, N).

Proposition 2. Fix any matrix norm || - ||, and let |- ||
be its dual. For all M € R™*" and N € R™*", we have

(M,N) < |[[M|allNo.

Proposition 3. Fix any any linear matrix operator T :
R™>™ — R™*™ gnd any pair of matrix norms || - || s
and || - ||&. We have

[Tlasa = [T lo-o,

where ||+ || is dual to || - || &, and || - || is dual to || - || &

The following pairs of matrix norms are dual to each
other:

1) H ! ”vec(p) and ” : ”vec(q) where ]-/p+ 1/(] =1,

2) |-+ and [ - [l22;

3) H . ||ti(p) and H . ||b(p) (by definition).

6) Some lemmas: First we show that the ||-||;(,) norm
(for any p > 0) bounds the spectral norm || - ||2—2.

Lemma 2. For any M € R™*", we have for all p > 0,
[Mll2—2 < [[M|l4(p)-

Proof: Let o be the largest singular value of M,
and let v € R™ and v € R" be, respectively, associated
left and right singular vectors. Then

[Rnacivesy
o MT 0 p=1/2y )
P2 My pl/2y
= H{ p*1/2MTu } ) =0 [ p*1/2v } .
Moreover, by definition of || - |11,
0 pM p?u
[ ivesy|
Al L2
“lLemMT 0 L2 ]
Therefore
0 M
la =< || S 2]

max{||p™" M " [|151, [pM]l151}
= max{p71||MHoo—>oo,pHM”1—>1}
= || M]ly(p)-

u
The following lemma is the dual of Lemma [2]

Lemma 3. For any M € R™*", we have for all p > 0,
[ M |lb(py < | M]]..

Proof: We know that || M ||,(,) = (M, N) for some
matrix N such that || N4,y = 1. Therefore || N2z <
1 from Lemma [2] and thus using Proposition 2}

[M[ls(py = (M, N) < [[M[|+[[Nla2 < [|1M]]..

|
Finally we state a lemma concerning the invertibility
of a certain block-form operator used in our analysis.

Lemma 4. Fix any matrix norm || - |4 on R™*™
and linear operators Ty : R™*" — R™*"™ agnd Ty :
R™*" — R™X™ Let T : RM*™ — R™*™ be the identity
operator, and suppose ||T1 © Tzl a—a < 1.
1) Z — Ty o Tz is invertible and satisfies
aoa < !
Tl TieTalla-a

2) The linear operator on R™*™ x R™*"
7
Ts I

is invertible, and its inverse is given by

:|1
[ @-TioT)'  (Z-TioT)'oT
T -@-ReT) e @-TeoT)!

Proof: The first claim is a standard application
of Taylor expansions. The second claim then follows
from formulae of block matrix inverses using Schur
complements. [ ]

(Z=TioT2)”

T T
Tz I

B. Projection operators and subdifferential sets

Recall the definitions of the following subspaces
Q(Xs) == {X € R™*" : supp(X) C supp(Xs)}
and
T(Xp) ={X1+ X, e R™*":
range(X1) C range(Xp),
range(X, ) C range(X; )}.

The orthogonal projectors to these spaces are given in
the following proposition.



Proposition 4. Fix any Xg € R™*" and X € R™*",
For any matrix M € R™*"™,

if (i,7) € supp(Xs)
otherwise

M,
[Pacxs) (M)]i; = { 0

forall1<i<mand 1< j<n, and
Prx,)(M)=UU"M+MVV' —UU MVVT

where U and V' are the matrices of left and right singular
vectors of X,.

Lemma 5. Under the setting of Proposition 4} with k :=
| supp(Xs)

1Pacxs)(M)lveey < VEIPaixs)(M)|lveer2)
< VE[M||vec2)
Pacxs) (M) |lvecr)y < kllPacxs) (M) vec(so)
< E[[M|[vec(oo)
[Prx,)(M)22 < 2[[M]]22
[Prx,) (M)« < 2rank(Xy)||M|[2—2

1Prx)(M)]lvec2) < 2¢/rank(X)||M|2—2.

Proof: The first and second claims rely on the fact
that | supp(Po(xs)(M))| < [supp(Xs)|, as well as the
fact that P (x ) is an orthonormal projector with respect
to the inner product that induces the || - ||yec(2) norm. For
the third claim, note that

’

[Prx,)(M)|l22
<N UUTM 2o + [T =UU " )MVV T |22
< 2||M||a—o.

The remaining claims use a similar decomposition as
the third claim as well as the fact that rank(UU T M) <
rank(X7) and rank((I-UU ")MVV ")} < rank(Xp).
|

Define

sign(Xg) € {—1,0,+1}™*"

to be the matrix whose (¢, j)th entry is sign([Xg]; ;),
and define

orth(X) :==UVT,

where U and V/, respectively, are matrices of the left and
right orthonormal singular vectors of X corresponding
to non-zero singular values. The following proposition
characterizes the subdifferential sets for the non-smooth
norms || - [Jyec(1y and || - ||« [L1].

Proposition 5. The subdifferential set of Xg +»
”XSHvec(l) is

aXS(”‘XVS”VeC(l))
= {G e R™*"™ . HGHVQC(DO) < 1,PQ(XS)(G)
= sign(Xs)};

the subdifferential set of X1, — || X 1|« is

Ix, (| Xcll«) ={G e R™*":
HG”Q*)Q < 17PT(XL)(G) = orth(XL)}.

The following lemma is a simple consequence of
subgradient properties.

Lemma 6. Fix A\ > 0 and define the function
9(Xs, X1) = MXsllvee(ry + [ Xzll+. Consider any
(Xg, Xp) in R™>™ x R™*" [f there exists (Q € R™*"
such that: Q is a subgradient of \||Xs||vec(1) at Xs =
Xs, Q is a subgradient of | Xy« at X1, = X, and

[Paixs)t (@)llvec(oo) < A/c and ||[Prix, )1 (Q)]l2—2 <
1/c for some ¢ > 1, then

9(Xs,X1) — 9(Xs,X1)

> (Q,Xs+ X, — Xsg— X1)
+ (1= 1/e)M|Pgs (Xs — Xs)llvec(r)
+ (1= 1/0)[[Pre (XL — X1)|-

for all (Xg,X1,) € R™*n x RM*n,

Proof: Let Q= Q(XS)LT = T(X1), As =
Xs — Xg, ang Ay : X — Xp. For any subgradient
G € Oxs(A[Xsllvee(r)), we have G — Q = Pq(G) +
Par(G) = Pa(Q) — Par(Q) = Par(G) — Par(Q).
Therefore
MXs + Asllvec(1y = Al Xsllvee(y — (@, As)
> sup{(G, As) — (Q,As) : G € dxs (M| Xs|lvecr))}
> sup{(G — Q, As) : G € dx; (N[ Xs]lvee(1))}
sup{(Pq1 (G) — Pqr(Q), As) :

G € Ixs (N[ Xsllveer))}
sup{(Pq. (G) — Pa1(Q), Par (As)) :

G € Oxs (N[ Xsllvee(n)) }
sup{(Pq1 (G), Par(As))

— (Pa1(Q), Par(As)) : G € Oxs A1 Xsllvee(1))}

AMPas (As)llvee(ry = (Pax (@), Par (As))
> MPar (As)lvec()

— P (@)lvec(oo) Par (As)lvee(r)
> M1 —=1/c)[Par (As)lvec(r)



where the second-to-last inequality uses the duality of
| * lvec(1) and || - [lvec(oo) and Proposition [3] Similarly,

XL — Apll« — [ XL« —(Q,AL)
> (1 =1/¢)[|Pre(AL) |l

by noting the duality of || - ||« and || - |[2—,2. Combining
these gives the desired inequality. ]

I'V. RANK-SPARSITY INCOHERENCE

Throughout this section, we fix a target (Xg, X)) €
R™X" x R™*" and let Q := Q(Xg) and T := T(Xp).
Also let U and V be, respectively, matrices of the left and
right singular vectors of X, corresponding to non-zero
singular values. Recall the following structural properties
of Xg and X

a(p) = | sign(Xs)|ls)
max{p|| sign(Xs)[l11, p~" || sign(Xs)lloosoo};
Bp) = p M UU  lvee(oo) T IVV T [lvec(oo)
+ ||U||2*>OOHVH2~>00;
v = [Jorth(XL)|lvee(oo) = HUVTHvec(oo)-

The parameter p is a balancing parameter to handle
disparity between row and column dimensions. The
quantity «(p) is the maximum number of non-zero
entries in any single row or column. The quantities 5(p)
and  measure the coherence of the singular vectors of
X, that is, the alignment of the singular vectors with
the coordinate basis. For instance, under the conditions

of Proposition EI, we have (with p = \/n/m)

a(p) < e1v/mn,
3co rank(X7) corank(Xp)
< - d < -
plo) = — = aner s T

for some constants ¢; and cs.

A. Operator norms of projection operators

We show that under the condition inf,~q a(p)B(p) <
1, the pair (X, X7 ) is identifiable from its sum Xg +
X, (Theorem . This is achieved by proving that the
composition of projection operators Pg and Pz is a
contraction as per Lemma [I] which in turn implies that
QnT ={o}.

The following two lemmas bound the projection op-
erators Pg and Pz in complementary norms.

Lemma 7. For any M € R™*" and p € {1,000}, we
have

[Pa(M)lp—p < |l sign(Xs)llp-pll M [[vec(oo) -
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This implies, for all p > 0,

[Palvec(oo)—t(p) < (p)-
Proof: Define s(Xg) € {0,1}™*™ to be the entry-
wise absolute value of sign(Xg). We have
[Pa(M)|lpp = max{|[Pg (M)l : [[v]l, <1}

< 1P (M)|lvec(oo)
max{|[s(Pg(M))vllp : [|vfl, <1}

< [ M ||vec(so)
max{|s(Xs)vllp : [lv]l, <1}

= [ M [[vec(oo) [l s180(X5) [l p—p-

The second part follows from the definitions of || - [|3(,)
and «(p). [ |

Lemma 8. For any M € R™*™, we have
||7)T(M)||ve6(00)
<TU M lvec(oo) M l1=1 + IVV T lveo(oo) 1M [l oo— o0
+ U250 [V 2500 | M []22-
This implies, for all p > 0,

HPT_Hﬂ(p)HVEC(OO) < B(p).

Proof: We have [|[Pr(M)llvec(or) = IUUTM +
MVVT = OOTMVV fyee(or) < 1007 Mfyec(on) +
||MV‘_/T||vec(oo) + HUUTM‘_/VTHVEC(OO) by the trian-
gle inequality. The bounds for each term now follow
from the definitions:

||UUTM||V6C(OO) max HMT(_]UTeZ-HOO

IN

M o0 max 10T T el
= M 151 10T T [[vec(oo);
IMVV T |vec(o) = max IMVV T ej o
< [ M||sc—o0 mj‘@XHVVTffjHoo
= M [loos 00 IVV [lvec(oo)s
and
[T T MVV T | vec(o0)
= max le] U(UTMV)V e,
< H},?;X||UT€z‘||2HUTMVH2H2H‘7T€J'H2

< M l252[1Ull2500 1V 200
S IM lgp) [1U 2001V ll200
where the second step follows by Cauchy-Schwarz, and

the fourth step follows from Lemma [2] The second part
now follows the definition of 3(p). [ |



Now we show that the composition of Py and Pz
gives a contraction under the certain norms and their
duals.

Lemma 9. For all p > 0,

D Po o Prllio)—i) < alp)B(p);
2) HPT © PQ”vec(oo)ﬂvec(oo) < Oz(p)ﬁ(p),‘

Proof: Immediate from Lemma [7] and Lemma 8] m

Lemma 10. For all p > 0,

D 1Pz o Pallo(p)—sbp) < alp)B(p);
2) HPQ © PT||vec(1)~>vec(1) < Oé(p)ﬁ(p)

Proof: First note that (Pr o Pg)* = Pg o Pr
Pg o Py because Py and Py are self-adjoint, and
similarly (PgoPr)* = PpoPq. Now the claim follows
by Proposition 3] and Lemma [ using the facts that
| - [l5(p) is dual to || - ||s,) and that || - [|yec(1) is dual
to || . ||vcc(oo)' u
Note that Lemma [I] is encompassed by Lemma [I0]
Another consequence of these contraction properties is
the following uncertainty principle, analogous to one
stated by [l], which effectively states that a matrix X
cannot have both || sign(X)|ls(,) and || orth(X)]|vec(oo)
simultaneously small.

Theorem 4. If X
inf 0 a(p)B(p) > 1.

Proof: Note that the non-zero element X lives in
QNT, so we get the conclusion by the contrapositive of
Theorem [1] [ ]

Xs

X5 % 0, then

B. Dual certificate

The incoherence properties allow us to construct an
approximate dual certificate (Qq,Q7) € Q x T that is
central to the analysis of the optimization problems (T]
and (2).

The certificate is constructed as the solution to the
linear system

{ Pa(Qa + Qp +p 1E)
Pr(Qa+ Qp +p 'E)

for some matrix £ € R™*"™; this can be equivalently

(2 )ie)-|

{ T Pg
Qp

Pr I
We show the existence of the dual certificate (Qq, Q)
under the conditions (), (@), and (3) relative to an
arbitrary matrix E. Recall that the recovery guarantees
for the constrained formulation requires the conditions

Asign(Xs)
Ol"th(XL)

Asign(Xs) — = Pq(E)
orth(Xp) — p=1Pp(E) |’

11

with £ = 0, while the guarantees for the regularized
formulation takes £ =Y — (Xg + X1.).

The(_)rem 5. Piclf any ¢ > 1, p > 0, fmd E ¢ Rmxn,
Let k := | supp(Xs)| and 7 := rank(Xy,). Let

€252 = ”E”Q%Z
€vec(oo) *— ”E”Vec(oo) + ”PT(E)Hvec(oo)-
If the following conditions hold:

a(p)B(p) <1 (13)
< =B —c-plerss)
- ¢ a(p)
_alp)p evec(oo) + a(p)y a4
a(p)
N> e IR a@BP)ee) o s

L—a(p)B(p) — ¢~ alp)B(p)

(these are a restatement of (), @), and (), then

Qq = (I — Py oPr) " (Asign(Xg) — Pg(orth(X.))
—p (PgoPri)(E)) €Q and

Q=T —Pgo PQ)_l (orth()_(L) — APy (sign(Xs))

—p H(ProPau)(B)) €T

are well-defined and satisfy

Pa(Qq+Qr +u 'E) = Asign(Xs)
Pr(Qa+Qr +u 'E) = orth(Xy)
and
[Par (Qa + Q7 + 117 E)lvec(or) < Ae
[P (Qa+ Q7 + ' E)ll2s2 < 1/c
Moreover,
a(p) 1
O < T N2 A + + vec(oo
1Qall2—2 < = al0)B) A7+ 1 evec(o0))
2a(p) .
ri2—2 > 37— N 77§ " At+v+ vec (oo
HQT”Q 2 1—a(p)ﬂ(p) ( Y o€ ( ))

+14+2p ey
1@z« <27(|Q7 (22

1

A+v+u”

HQT”VeC(o@) €vec(oo))

< ; . (
~ 1—a(p)B(p)

HQQ”vec(oo) Aty + M_levec(oo)>

< # . (
1—a(p)B(p)
1Qa llvee(1) < EllQa llvec(oo)
1Qa + Q7 llZeciz) < MQallveery (14 17 'A  evec(on))
Q7] (1+ 21 te2s0) -

Remark 1. The dual certificate constitutes an approxi-
mate subgradient in the sense that Qg + Qf + pu~1FE



is a subgradient of both A Xs|lvec(1) at X5 = X, and
HXL”* at X, = X

Proof: Under the condition (13), we have
a(p)B(p) < 1, and therefore Lemma [9] and Lemma [4]
imply that the operators Z — Pg o Py and Z — Py o Pg
are invertible and satisfy

1
7 —Ps o Pr)"L 1= alnB(n)’
IZ =PaoPr) lsor-e0) < 7200350
1
— - -) 1 1— a0 B(o)
I(Z —ProPq) ||vec(oo)—>vec(oo) =1_ a(p)ﬂ(p)'

Thus Qp and @Qf are well-defined. We can bound
[Qall2—2 as

[Qalla—2 < 1Qqllsp) (Lemma )
= H(I — Py oPp) (/\ sign(Xg) — Pq(orth(Xy))
- M_l(PQ © PTJ-)(E)) ||ﬁ(ﬂ)

L i X 5 (or X
S W . H/\Slgn(Xs) - PQ( th(XL))
- M_I(PQ © ,PTL)<E)Hu(p)
1 . S
< W,. (Al sign(X )l
+ [ Pa(orth(X L)) lgp) + 1~ (Pa 0 Pro) (B)ls(0)
a(p) —1p_
< m : ()\ +v+u ||7)Ti (E>||Vec(oo))
(Lemma [7)
a(p) . -1,
= T=alp)B) Pty 1 vt -

Above, we have used the bound [Pz (E)lvec(oc) =
12— Pr(E)|lvec(oo) < €vec(oc)- Therefore,

[Pre(Qa+ " E)ll22

70 - Pp.(E
< (I = TOTYQa( — VT gy + 1F72 E)l2m2

< |Qqll2—2 + 1 teasa
a(p) -1 -1
< ——F" )\+’7+M Evec(co0)) T 1 €252.
= a(0)B) ) FaT e

The condition (T4) now implies that this quantity is at
most 1/c.
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Now we bound ||Q7|vec(so) as

HQT”vec(oo)
= H(I —Pgo PQ)_I (orth(XL) — AP (sign(Xs)
- Nil(,PT © ’PQL)(E)) ||vec(oo)

1 v ien(X
S T awiag  lerth(Xe) = APr(sign(Xs)
- M_l(PT © PQJ-)(E) Hvec(oo)
1

< s (1ot o

+ )‘”PT(Sign(XS))chc(oo)
+ qul ” (P’f ° ,PQL )(E)”vec(oo))
1 ) .
S 1— a(p)ﬂ(p> (’Y + )\Oé(p)ﬁ(p) + 1% EVec(oo))
(Lemma [9).

Above, we have wused the bound |(P; o
PQL)(E)HV'SC(OO) = ”PT(E) - (PTOPQ)(E)HveC(OO) <
||PT<E)HVec(oo) + a(/))B(p)”E”vec(oo) < )
Therefore,

€vec(oo

H,PQL (Q’f + N’ilE)”vec(oo)
< ”QTHvec(oo) + /JJilH,PQJ- (E)”vec(oo)
1
ST 7"’)‘04 P /8 P +M_1€vecoo
a0 )
+ /J/_levec(oo)-

The condition (T3) now implies that this quantity is at
most \/c.

We also have
1Q7 22 = |P7(Qq + p~ ' E) — orth(XL) |22
2
a(p) ' (A +7+ ,uilevec(oo))

< 22\
~ 1—a(p)Bp)
+1+42u ermn

since [IP(Qa) 2> < 21@all2s2 and [Pr(E)» 5 <
2€5_,5 by Lemma 3] and

1Qallvec(oo) = 1Pa(@Qr + 1~ E) — Asign(X5s)|
. (/\ ++ M_levcc(oo))

|vec(oo)

1
< -
— 1=a(p)Bp)
+A+ M_levec(oo)‘

The bounds on [|Q7|. and [|Qgqllvec1) follow from
the facts that rank(Q7) < 27 and | supp(Qg)| < k.



Finally,

HQQ +QTH\2/9C(2)
= (Qq, Pa(Qq + Qr

) +(Qr Pr(Qa + Q7))
= (Qq, APq(sign(Xs)) —
)

1 Pa(E))
+ (Q7, Py (orth(Xp ) u= ' Pr(E))
< MQallvee) (1 + 1~ 1HPQ( MIvec(oo))
+ Q7+ (14w HIP(E)l22)
< MQallvee(n) (1 4+ 7 A evec(o0))
+ Q7+ (1 + 20 e2s2).

V. ANALYSIS OF CONSTRAINED FORMULATION

Throughout this section, we fix a target decomposition
(Xs,X1) that satisfies the constraints of (T), and let
(XS,X L) be the optimal solution to (I). Let Ag :=
XS — Xg and Ay, := X; — X;. We show that under
the conditions of Theorem [3] with E = 0 (recall that
this does not mean we assume Y — Xg — X; = 0) and
appropriately chosen A, solving (1) accurately recovers
the target decomposition (Xg, X).

We decompose the errors into symmetric and anti-
symmetric parts A,ve = (Ag + Ar)/2 and Apq =
(As — Ap)/2. The constraints allow us to easily bound
Agavg, so most of the analysis involves bounding Amig
in terms of Aguyg.

Lemma 11. [[Auvgllvec(1) < €vec(1) and || Aavg|ls < €x.
Proof: Since both (Xg,Xp) and (Xg, X)) are
feasible solutions to (I)), we have for < € {vec(1), *},
[Aavello =1/2As + Arllo
=12 (Xs + X1 —Y) = (Xs + X2 = V)0
<12 (I Xs + Xo = Yo + | Xs + KXo~ Ylio)
< e€g.
|

Lemma 12. Assume the conditions of Theorem [3 hold
with EE = 0. We have

M Pa+ (Amia) lvec(1) + Pz (Amia)l«
< (1 - 1/0)71 (AHAavE;”vec(l) + ”AanH*) .
Proof: Let @ := Qg + Qf be the dual certificate
guaranteed by Theorem [5] Note that @ satisfies the
conditions of Lemma [6] so we have
)‘HXS + AInid”vec(l) + ||XL —A
- )‘”XS”vec(l) - ||XL||*

mid”*

> (1 - 1/6) (/\”,PQL (Amid)Hvec(l) + ”IPTL (Am1d)H*) .
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Using the triangle inequality, we have

A Xsllveery + 1 XL«
= M| Xs + Asgllvec(ny + 1 Xz + ALl
= M| Xs + Amia + Aavgllvec(r)
+ | XL — Amid + Aavg |«
> A Xs + Amidllvecr) = All Aavgllvee(1)

+ HXL - Amid||>|< - ||Aavg||*~
Now using the fact that MXsllvee(y + 1Xzll« <
A Xslvee(ry + [ XL |« gives the claim. |

Lemma 13. Let k := |supp(Xs)|. Assume the condi-
tions of Theorem [3] hold with E = 0. We have

||PQ<Amid)||vec(1)

_ (1o

-1

FEPYSY: T A"LV vec Aav * .
—a(p)ﬂ(p) (” E g” (1)+|| gH /)\)

Proof: Because Apia =  Pq(Amia) +
Par(Amia) = Pp(Amid) + Pri(Amia), we have
the equation
PQ( mld) PT( mld) = _,PQL (Amid)"‘PTi (Amid)~
Separately applying Pg and P7 to both sides gives
[ z 7’0} { Pa (Amid)}:{ (Pq © Ppu)(Amia)

Pr I || -Pr(Amida)] |—(ProPar)(Amid)

Under the condition a(p)B(p) < 1, Lemma and
Lemma @] imply that

1
I_P70P7 -1 vec vec Si
IZ = Pao Pr) ™ ey ect < 7503507
and that
Po(Amid) = (Z—Pg o Pr) ' ((Pg o Pro)(Amia)

+ (PgoPso PQJ_)(AInid)).



Therefore
1Pa(Amid) lveeqr)
s (1P P ) Bi)eets
+ [[(Pg © Pr 0 Par ) (Amid) llvec(1))
< m (VE [P (Amia) vecr2)
+a(p)B(p) - [[Par (Amid)llvee(r))  (Lemma [T0)
= m (VE1Prs (D)

+a(p)Bp)- ||PQL( mid)”vec(l))
(1-1/¢)~

<
-1

< W max{\/z a(p)B(p)/A}
: (/\”Aangvec(l + HAang*) (Lemma@)
(1-1/e)!
T I NR Aav vec AaLv *
< 1—01(p)5(p) (” gH (1)—’_“ g“ /)‘)

where the last inequality uses the facts k < a(p)?,
a(p)B(p) < 1, and Aa(p) < 1 (this last inequality uses
the condition in (T4)). [

We now prove Theorem [2] which we restate here for
convenience.

Theorem 6 (Theorem 2] restated). Assume the conditions
of Theorem 3| hold with E = 0. We have

ma'X{HAS||VeC(1)7 HAL ||vec(1)}

e )
1 2—a(p)Blp)
B TP

If, in addition for some b > || X1 ||vec(oo), €ither:
o the optimization problem (1)) is augmented with the
constraint || Xp|lvec(so) < b (and letting Xy, :
X L), or
« X (1 is post-processed by replacing [X r)i,; with
[XL]W = mm{max{[XL]w, b}, b} for all i, 7,
then we also have

HXL XL”vec < mln{HALHvec(l \/ 2b||AL||vec(l)} .

Proof: First note that since Ag = Auvg + Amid
and Ap Aave — Amia, we have
)}

maX{HASHveC HAL”vec < ||Aangvec(1) +
(1A We can bound | Amid [lvee(1) as

HAmid ||vec(1)

mid ||vec

., 1
<=1/ (” 1—a(p)ﬁ(p)>
(B agllveetty + [ Ausglle /)

< [[Par (Amia)llvee(r) + [1Pa(Amia) llvee(1)
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by Lemma [I2] and Lemma The bounds on
|As|lvec(1)y and [|AL|lvec(ry follow from the bounds
on HAmideec(l)s ||Aavg||vec(1)s and ||Aavg||* (from
Lemma

If the constraint || X1 [[vec(oo) < b is added, then we
can use the facts

||ALHvec(oo) < ||XL||vec(oo) + HXLHVEC(OO)
<2b

and

1AL Ivee < /1AL vec(oo) 1AL llvecrn

S \/ 2b||ALchc(1)'

If X, is post-processed, then (letting clip(X 1) be the
result of the post-processing)

XLy — [(Xcligl < [[Xe)ij —
for all ¢, 7, so

||)/ZL - XL”vec(l) < ||AL||V6C(1)

[XL]i;

and

1X2 — X1 llveer) < \/QbH)N(L — X1 |lvec(1)

< /26| AL [lvec(1)-

VI. ANALYSIS OF REGULARIZED FORMULATION

Throughout this section, we fix a target decomposition
(Xg,Xp) that satisfies || Xs — Vlyec(oo) < b, and let
(Xs, X1) be the optimal solution to (%) augmented with
the constraint || Xs —Y |[yec(oo) < b for some b > || X g —
YHvec(oo) (b = 0o is allowed). Let Ag := Xg— Xg and
Ay := X1 — X;. We show that under the conditions of
Theorem [5| with E =Y — (Xs+ X,) and appropriately
chosen A and y, solving (2) accurately recovers the target
decomposition (Xg, X7).

Lemma 14. There exists Gg, G, Hg € R™*"™ such that
) p ' (Xs + X, — Y) + \Gs + Hg 0;
||GS||Vec(oo) <1

2) p M (Xs+Xp—Y)
3) [HS]%][AS}ZJ >0 Vi,j .

Proof: We express the constraint || X s Y [lvec(oo) <
b in @) as 2mn constraints [Xg|;; — Y;; —b < 0
and —[Xgl;; +Y;; —b < 0 for all 4,5. Now the
corresponding Lagrangian is

1
@HXS + X1 = V2o + M Xslvee(r) + 1 X«

+ (AT, X =Y = bl )+ (A7, —Xs+Y — bl )



where A*, A~ > 0 and 1,,, is the all-ones m x n  hold with E =Y — (Xg + X1), and let (Qq, Q1) be
matrix. First-order optimality conditions imply that there  the dual certificate from the conclusion. We have
exists a subgradient G's of || Xg||vec(1) at Xg = Xs and

a subgradient Gz, of || X, at Xz = X1 such that (1 —a(p)B(p) - | Asllvecrry
p M Xs+ XL —Y)+AGs+ (AT —A7)=0 <A1 =1/0)7 Qg + Q7o
and + )‘E‘,u +2v T,u + k” PQ © ,PTL)( )Hvec(oo)v

u_l(Xs-‘rXL—Y)—i—GL:O.

Now since | Xg — Ylvec(oo) < b, We have [Xgl;; <

Y;;+band —[Xg];; < —Y;; + b. By complementary A < min{ A [9blI A }
slackness, if A}, > 0, then [X]; ; —Y; ;—b = 0, which 18slhvectz) < 18slvecq. 18slhvec s -

means [X'S]” [(Xs)ij > [XS],J —(Y; +b) =0. So
Af ;[Aslij > 0. Similarly, if A;; > 0, then [Xs]; ;
[Xs]” <0. S0 A;;[Asli; <0. Therefore H:= A+ 1ALl < (1—1/¢) Qg +QTHvec(2 1/2

A~ satisfies H”[AS]” > 0. [ | '
g +min { B(p)|As vee(ys V27l As ez |
Lemma 15. Assume the conditions of Theorem [3] hold

with E =Y — (Xg + X1), and let (Qq, Q1) be the + [P (E)||« + 274,
dual certificate from the conclusion. We have

and
APas (As)livee(r) + [Pr- (ALl
1—1/¢)7? + 2.
< (107 Qe Qrlhect/2 ay). < (1-1/0) 1@ + Qe a2
Proof: Let Q := Qg + Q and A := As + 2. + V2| Asllveez) + I1Pr(E)l|+ + 27
Since @ + p~'E satisfies the conditions of Lemma [6]
(1=1/¢) MIPax (As)llvecry + P72 (AL)|+) Proof: From Lemma [T4} we obtain G, Gp, Hg €

< (M Xsllveetny + 1X2 1) = M| X5 lveeqry + [ Xzll,) B and the following equations:

*<Q+,LL71E,A5+AL>. .
APq(Gs) = —p~ (Pa(As) + Po(AL) — Po(E))

Furthermore, by the optimality of (Xg, X1.), — Ps(Hs) (16)
(M Xsllveey + I Xz ll) — (/\”XSchc(l) + 1XL ) Pr(Gr) = —pu~ (Pr(As) + Pr(Ar) — Pr(E))

1,5 - A . (17
< 7HXS + XL Y”vcc 7HXS + XL Y”vcc —

@ ® (PaoPr)(Gr) =~ ((PaoPr)(As)
= H Pecizy — 5185 + Ar ~ Bl + (Pa o Pr)(Ar) = (Pa o Pr)(E)). (18)
1

1
= Q,M( (E,A) — (A, A)). Subtracting (I8) from (T6) gives
Combining the inequalities gives u! (PQ( Ag) — (Pg 0 Py o Pg)(As)

(1-1/c) (/\||7’m (As)llvec(ry + [IPr (AL)|) — (Pg o Py o Py )(As) + (Pg o Pru)(AL))
(@A) = 5 (A, A) < Qe *PalHs)
= —APa(Gs) + (Po o Pr)(GL)

where the last inequality follows by taking the maximum + 1 (Pg o Pri)(E).
value over A at A = —uQ. ]

Now we prove Theorem [3] restated below (with an

additional result for [|Ag[|s(p) Moreover, ~we have  (sign(As), Pa(As)) =

~ ~ Pa(As)llvec(ry and  (sign(As), Po(Hs)) =
Theorem 7 (Thgoremrestated). Let k := |supp(Xs)| [|Pa(Hs)llvec(1)» so taking inner products with
and 7 = rank(X). Assume the conditions of Theorem sign(Ag) on both sides of the equation gives the
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following chain of inequalities:

1M Pa(As) llvee(ty + 1P (Hs)lvee(r)
< (P o Pr o Po)(As) llvee()
+ 17 [(Pg © P 0 Poi ) (As)lvee(n)
+ 1M (P 0 Pro)(AL) lvee(n)
+ AMPa(Gs)llvec(r)y + [[(Pa 0 Pr)(GL) llvee(r)
+ 17 [P © P ) (B)llvee(r
< 1"t alp)B()[Pa(As)llvec()
+ 1 a(p) B(P)Pas (As)llvec(r) + Ak
+ 1 VEIPr (AL vee + VEIPE(GL) vec
+ 17k (Pa 0 Prs ) (E) llvec(oo)
< 1 a(p)B(P)IPa(As)|lvec(r)
+ #7104(/?)5(/0)”7)@(AS)Hvec(u
+ 1 VEIPr (D) veetz)
+ M+ 2VEF)| GLl2sa
+ 17k (Pa 0 Prs ) (E) llvec(oo)
< ™t alp)B()Pa(As) llvec()
+ #7104(/?)5(/0)”7)@(AS)Hvec(n
+ 1 VEIPr (AL veetz)
+ M+ 2VET + 5 B (Pg 0 Pt ) (B)lvee(oo)-
The second and third inequalities above follow from
Lemma [5] and Lemma [T0] and the fourth inequality uses

the fact that |G |l2—2 < 1. Rearranging the inequality
and applying Lemma [T3] gives

(1 —a(p)B(p) - Pa(As)lvec(r)
< a(p)B(P)|Par (As)llvecr) + VE|Pra (AL)lvee(2)
+ Mo 4 2V kT + k| (Pg 0 Pro ) (E) [[vee(oo)
< max{a(p)B(p)/A, \/i}
(1=1/6)M1Qa + Qrl3ec(zy /2
+ Mg 4 2V kT + k[ (P 0 Pro ) (E) [[vee(oo)
<A1 =1/07Qa + Q7 lZec(ayin/2
+ Mg 4 2V kT + k[ (P 0 Pro ) (E) [[vee(oo)
since k < a(p)?, a(p)B(p) < 1, and Aa(p) < 1. Now
we combine this with [[Ag||lvec(1) < |Par (As)llvee(r) +
P (As)|lvec(1) and Lemma [15|to get the first bound.
For the secpnd bound, we use the facts
HAS”vec(oo) < ||XS_Y||vec(oo)+“XS_Y‘|VEC(OO) <2b
and ||ASchc(2) < \/HASchc(l) ||A5chc(oo) <

\V/ 2bHAS”vec(1)-
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For the third and fourth bounds, we obtain from (I7)

IP7(AL) ()
< NP#(AS) o) + IPE(E) o) + £l PE(G L) llo(e)
< 1Pz llvec) (o) | As lvec(ty + 1Pz (E) |l
+ ul|P#(Gr)|l«  (Lemma B)
= [IP3115(p)—vee(oo) 185 lvec(r) + P (E)
+ u||P#(GL)|l«  (Proposition 3)
< BP)IASsIvee) + IP(E)|l« + 1l Pr(GL) |«
(Lemma [8)
< B(P)Aslvecr) + [P7(E)||+ + 27
(Lemma [§) and ||Gp[l22 < 1)

and

[Pz (AL)«

< |Pr(As)|l« + [[Pr(E)[l« + pulPr (G|«

< V27| Asllvec() + IP7(E)l+ + 274
(Lemma [5| and [|G |22 < 1).

Now we combine these with

1ALl < IPr(AL) by + P2 (AL Ib(p)
< 1Pro(AL)|s
+ mind||P(AL) [l 1Pz (AL) b }
(Lemma [3)
ALl < [[Ppo(AL) |« + P (AL) ]«

and Lemma [ |

Note that we have an error bound for Ap in || - ||,
norm, which can be significantly smaller than the bound
for the trace norm of Ay,
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