Basic Concepts of Online Learning

Mathematical Analysis of Machine Learning Algorithms
(Chapter 14)



Online Learning Model

The online learning learning model can be considered as a repeated
game. Fort=1,2,...,

> An adversary picks (X;, Yi), and reveals X; only.

> An online learning algorithm A predicts f,_1(X;).

> The value of Y; is revealed and a loss L(%_1(X;), Y;) is computed.
The goal of online learning is to minimize the aggregated loss

;
ZL (fr—1(Xt),
t—1



Regret Bound

An online algorithm A considers model class F = {f(w, x) : w € Q},
and learn w;_4 € Q at time t based on previously observed data
Si-1={24,...,Z_1}. It makes prediction on next observation:

fo1(X) = f(weq, X:)  with wy_q = A(S;_1).

The performance of online learning is measured by regret bound,
which is analogous to oracle inequality in supervised learning.

The aggregated loss of an online algorithm is compared to the
optimal aggregated loss in hindsight:

T T
REGT = _ L(f(Wi-1,X), Yo) — inf > L(F(w, X)), Yt) <er. (1)
=1 t=1



Online Binary Classification with Perceptron

Consider the binary classification problem with Y € {£1}, and linear
functions
flw,X)=w'X,

with prediction rule:

1 fw,X)>0
—1 otherwise

The loss function is binary classification error: 1(f(w, X)Y < 0).

The Perceptron algorithm is an algorithm which works with data
coming in sequentially as in Algorithm 1. It is mistake-driven, which
means it only updates the model weight vector when the prediction
makes a mistake.



Perceptron Algorithm

Algorithm 1: Perceptron Algorithm

Input: Sequence (X, Y1),..., (X7, Y7)

Output: ws

1 Letwy=0

2 fort=1,2,...,Tdo

3 | Observe X; and predict label sign(w,” ; X;)

4 Observe Y; and compute mistake l(wLXt Y: <0)
5 if Wt—[1Xth > 0 then

6 // No mistake

7

| Letwi = w4
8 else
9 // A mistake is observed
10 B Let Wi = Wi_q + Xth

11 R;ndomly pick sfrom0Oto T — 1
Return: w;




Perceptron Mistake (Regret) Bound

Theorem 1 (Thm 14.1)

Consider the perceptron Algorithm in Algorithm 1. Consider v > 0
and weight vector w, such that for all t

W;—Xtyt > Ao

Then we have the following mistake bound:

2 AT

> 1wl XY <0) < e B sup{IXIE}
Y

t=1




Proof of Theorem 1
Let M = sup, || Xt||2, and let n = v/M?. Assume that we have a
mistake at time step t, then we have

(Wit — W) T XY <0 — w,) X Y; < —.
This implies that
Inws — wi|5 =lnwi—1 + X Y — w.ll3
=Wt — Wil5 + 2n(nwi—1 — W) T Xe Y + 02| Xe 3
<|lnwe—1 — Wal|3 — 20y + P M?
2
M2
Note also that ||nw; — wi |3 = ||nw;_1 — w3 if there is no mistake at
time step t. Therefore by summing over t = 1 to t = t, we obtain

<|lnwp_q — wi|3 —

2
~

[
where k is the number of mistakes. This implies the bound.

0 < [lpwe — w2 < [lnwo — wa 2 —



Multi-class Perceptron

For multi-class prediction with g classes y € {1, ..., g}, we may use
the notations of vector prediction functions in the analysis of kernel
methods.

Consider a vector prediction function f(x) € RY, with linear prediction
model for class ¢ defined as:

fi(x) = w'a(x, 0).
The predicted class for each x is
y(w,x) € arg max WT¢(X,€),
and the error (or mistake) for an instance x with true label y is

L(y(w,x) # y).



Multiclass Perceptron Algorithm

Algorithm 2: Multi-Class Perceptron Algorithm

Input: Sequence (Xi, Y1),..., (X7, Y7)

Output: w;

1 Lletwy=0

2 fort=1,2,..., T do
3 | Observe X; and predict label Y; € arg maxg{ W, ;1(Xz, £)}
4 Observe Y; and compute mistake 1(Y; # Y;)
5 | if V==Y, then
6 // No mistake

7 Let wy = ws_q

8 else

9 /I A mistake is observed

10 B Let wi =w;_¢ + [1/J(Xt, Yt) — ¢(Xt, Yt)]

11 R;ndomly pick sfrom0Oto T — 1
Return: w;




Mistake Bound

Theorem 2 (Thm 14.2)

Consider Algorithm 2. We have the following mistake bound:

.
YUV £ W) < inf L;z max (0,1 — ! min W' [(X:, Vi) - w(Xt,f)])

t=1

N w2 sup{llv(Xt, Vi) — (X, Ye)lé}]
72 '



Proof of Theorem 2 (I/11)

The proof is basically the same as that of the binary case. Given any
v > 0and w. We let ¢y = (X, Yi) — (X, Yi), M = sup{||¢¢]|2}, and
n= 7/M2 Assume that we have a mistake at time step ¢, then we
have Y; # Y;, and w," ;¢ < 0. It implies that

(Wit — wi) Ty <0 — W, o < max(0,y — W, 4br) —
Therefore by taking

lnwe — Wil =llnwe—1 + neoe — w3
=[lnWe—t — Wel3 + 20(nWi—t — we) T+ 0?13

<|Inwi—1 — Wi |3 + 2y max(0,y — w, ) — 20y + 2 M?

,YZ

<|[nWe—1 — Wi |3 + 2nmax(0,y — w, ) — e



Proof of Theorem 2 (1l/1I)

Note also that ||nw; — wi||3 = ||nw;_1 — w3 if there is no mistake at
time step t. Therefore by summing over t =1 to t = T, we obtain

T

0 < [lpwr — w3 < 29> max(0,7 — w) ¢y) + ywo — w3 —
t=1

2
Y
Ve

where k is the number of mistakes. This implies the bound.



Online to Batch Conversion

Assume that in online learning, the observed data are random, with
Z; = (X, Yi) ~ D. Assume also that we have a regret bound of the

general form:
-

D oW1, Z) < e(ST). )

t=1
By taking expectations, we obtain an expected generalization bound

-
Es; > Ez(Wi_1,Z) < Es;e(Sr).
t=1
If we select s uniformly from 0 to 7 — 1, then
Es EsEzp(ws, Z) < Es,€(St)/T.

This leads to an oracle inequality in the batch (supervised learning)
setting.



Expected Oracle Inequality Example
For the perceptron algorithm, we may let

o(w,Z2) =1(y(w,X) #Y)
— 2 max (0,1 — 571 ?;él? w' [h(X,Y) — (X, €)]) .

Proposition 3

Consider Algorithm 2, with s chosen uniformly at random from 0 to
T —1.1fZ; = (X:, Yi) ~ D are iid observations, then we have

Es; , EsEz pl(y(ws, X) # Y)
< inf {ZEZND max <O, 1471 gli‘r) w (X, Y) - 1/)(X,€)]>
t

T y>0,w
[wl5sup{ll¥:(X, Y) = (X, Y)II5}

+ 2T ;

where the prediction rule is j(w, x) € arg max, w ' 1(x, £).



High Probability Bound

We can use martingale tail probability bounds in the online learning
analysis. Assume that we have high probability result of the following
form: with probability at least 1 — 6 over St,

T T
> Ezopd(wi1,2) Z Wi—1,2Z) + €(9). 3)

t=1

We may combine this bound with (2), and obtain the following
probability bound for the randomized estimator s, uniformly chosen
from 0to T — 1. With probability at least 1 — § over St

(0) + (Sr)

]ES EZND¢(W87Z) < T



Example: Perceptron Algorithm

Proposition 4

Consider Algorithm 1, with s uniformly drawn from0to T — 1.
Assume w] XY >~ >0forall Z= (X,Y). IfZ; = (X, Y;) ~ D, then
with probability at least1 — o:

EsEzepL(y(ws, X) # Y)

. A lImlZsupx XI5 In(1/0)
< inf :
=20 [1—e—A ¥2T +(1—e—A) T




Proof of Proposition 4

Let
{& =1(w,_ 1XY<0) i=1,2,...,n}

be a sequence of random variables, Theorem 13.5 implies that for
any A > 0, with probability at least 1 — ¢,

T T
1 A1 In(1/6)
_ E < E NS
T o Eex, viy~psi = 1_e T p &+ 1—eNT

Also note that the mistake bound in Theorem 1 implies that

25 w13 Sup{HXH 3

2

Since E(x,v)~p1(w, ;XY < 0) = E(x, v,)~p&, We obtain the desired
result.



Online Convex Optimization

One can extend the analysis of the Perceptron algorithms to general
convex loss functions, leading to the so-called online convex
optimization.

Algorithm 3: Online Gradient Descent

Input: Sequence of loss functions ¢4, ..., ¢t defined on Q
Output: w

1 Letwy=0

2fort=1,2,...,Tdo

3 | Observe loss ¢4(w;_1)

Let Wy = w1 — e VE(Wi—1q)

Let w; = arg minyeq || W — Wil[3

a »

6 Let w=T""3"", w4 or W = w for a random s from O to 7 — 1
Return: w




Regret Bound

Theorem 5 (Thm 14.5)

Let {¢;(w) : w € Q} be a sequence of real-valued convex loss

functions defined on a convex set Q). Assume that all (;(w) are
G-Lipschitz (that is, |V{i(w)|2 < G). If we letn: =1 > 0 be a

constant in Algorithm 3. Then for all w € Q, we have

T

T 2

Wy — W T
> l(wi1) <D ﬁt(W)JriH Ozn H2+772 G?.
t=1 =1



Proof of Theorem 5 (I/1l)

We have the following inequality:

W — w5 =||wi_1 — w — nVe(Wi_1)|I3
=Wt — w5 — 2nVe(w1)T (W1 — W) + 07| V(Wi 113
<\ Wit — wll5 — 20V E(Wi—1) T (Wit — W) + GPn?
<[ Wit — wl|5 — 2n[le(Wi_1) — L(w)] + G*n?,

where the first inequality used the Lipschitz condition, and the second
inequality used the convexity condition.



Proof of Theorem 5 (lI/1I)

Since w; € Q is the projection of w; onto Q and w € Q. We also have
lwe — w3 < || — wl3.
Therefore, we have
lwe — wlj3 < [[we—1 — w5 — 2n[ee(w_1) — &(w)] + GPrP.

Now we may sum over t = 1to t = T, and obtain

;
lwr — w3 < [wo — w(3 — 20> [t(wr—1) — ()] + TG,
t=1

Rearrange the terms, we obtain the desired bound.



A More General Result

The following result applies both for online convex optimization and
perceptron algorithm.

Theorem 6 (Thm 14.6)

Consider Algorithm 5 with the update rule replaced by the following
method

Wi = Wi_1 — 00t

If we can choose g; so that

gtT(W — Wi_q) < Zt(W) — L (wi_q),
then



Example

Example 7

When w," ; X;Y; < 0, we have

—(W=w )T XY <y —wI XY —
<max(0,7 — w' X;Yp) — y1(wl XY < 0).

When w," ; X;Y; > 0, we have
0 < max(0,7 — w' X;V3) — y1(w,{ X; Y < 0).
Therefore let gr = —1(w," ; X;Y;: < 0)X;Y;, then
(W — Wi_1) " gr < max(0,7 — w' X; Y;) — y1(w," { X;Y; < 0).

This implies that Theorem 1 is a special case of Theorem 6 by taking
gt(W) = max(0,7 — WTXth) and ft(Wt_1) = ’y]l(Wt—£1Xth < 0)



Oracle Inequality

Theorem 8 (Thm 14.9)

Consider loss function ¢(w, Z) € [0, M] with Z ~ D, and w € Q,
where Q is a convex set. Assume that ¢(w, Z) is convex and
G-Lipschitz with respect to w. Let[Zy, ..., Z7] ~ DT be independent
samples, and consider w obtained from Algorithm 3, with

ti(w) = ¢(w, Z;) and ny = n > 0. Then with probability at least1 — 9,

- : 1 >
< —_ =
EZ~D¢(Wa Z) = Vlllréf;Z |:EZ~D¢)(W7 Z) + 2’[7T||W W0||2:|

n 2In(2/6)
+2G+M —



Proof of Theorem 8 (I/1l)

Note that the convexity and Jensen’s inequality implies that
Ez.pp(W,2) < — ZEZ, ¢(Wi—1,Zt). (4)

t 1

Moreover, using the Azuma’s inequality, we have with probability at least

1-6/2,
;
ZEZ, P(Wi—1,21) < Z¢(Wt71>zt)+M\/ In$227/_6). (%)

Using Theorem 5, we obtain

T

T
1 o lwo = Wiz | n e
T; W;— 1,Zt Z 2777_ +§G . (6)

Using the Chernoff bound, we have with probability at least 1 — 6/2:

.
lT Y oW, Z) <Ezupd(w,Z)+M '"(2245). (7)




Proof of Theorem 8 (ll/1I)

By taking the union bound, and combine the above four inequalities,
we obtain the following. With probability at least 1 — 4:

;
. 1
Ez.pop(W,Z) ST Z Ezo(Wi—1,2t)
t=1
1 < In(2/5)
ST§¢(wt_1,zt)+M T
T
1 lwo — w5 1 In(2/6)

_ 2
o~ wIE  ngo, y [2/0)

<Ez.pp(w,Z) + onT 5 T

The first inequality used (4). The second inequality used (5). The
third inequality used (6). The last inequality used (7).



Compare with ERM

If we take = O(1/+/T), then we obtain a convergence result of
O(1/+/T) in Theorem 8.

In the ERM oracle inequality for kernel methods using Rademacher
complexity analysis, the loss function does not have to be convex.
We have the following result based on Corollary 9.27:

Epg(W,Z) <Epp(w, Z) + \|w|3
o ( \/In((A - Lf)/(&))) o <82 In((A+ B?)/(M))) |

An

This result is similar to that of Theorem 8 with n = 1/(\T).



Example

Example 9

Consider the structured-SVM loss of Example 9.32, where
¢(W7 Z) = mgax[’)/(.ya ﬁ) - WT(w(Xv y) - ’gb(X,f))]

If |v(x,y) — ¥(,0)|l2 < B, then we take G = B in Theorem 5:

T T
1 4 o — [[wo — w3 2
t=1 t=1
Taking expectation, we obtain with A = 1/(nT)

,\ A 1
Es; Ezupd(W, Z) < Ezp (W, Z) + 5|0 — w3+ WBQ-

Independent of class size q, better than Rademacher complexity
result in Example 9.32.



Strong Convexity

For L, regularization (or kernel methods), one can obtain a better
bound using strong convexity.

Definition 10

A convex function ¢(w) is X strongly convex for some A > 0 if

(') > £(w) + VE(w) (W' — w) + S |w — w]E.

Observe that for regularized loss, we take
A 2
(W) = 6(w, Z) + S |w — wol 3. ®)

If (w, z) is convex in w, then ¢¢(w) is A strongly convex.



Regret Bound

The following result holds for strongly convex loss functions, and the
learning rate has been proposed to solve SVMs

Theorem 11 (Thm 14.11)

Consider convex loss functions (;(w) : Q — R, which are G-Lipschitz
(thatis, ||Viy(w)|2 < G) and X strongly convex. If we let
nt = 1/(At) > 0 in Algorithm 3, then for for all w € Q, we have

fo Wt_1 <Z£t

1+|nTG.




Proof of Theorem 11 (I/Il)

Similar to the proof of Theorem 5, we have

lwe — w3
<[ — w3
=||Wi—1 — w — nVl(wi_1)|I5
= Wit — w3 — 20V L (We1) T (W1 — W) + nF ||V er(wi_1)]13
<[ Wiy — W[ + 2nelee(w) — L(Ws—1)] — meAl|we 1 — w5 + GPnf
=(1 = Ano)l|Wi—1 — W5 + 2ne[le(w) — Le(wi—1)] + G?n,

where strong-convexity is used to derive the second inequality.



Proof of Theorem 11 (ll/II)

Note that 1 — i\ = n;/n;—1 and for notation convenience we take
1/no = 0. This implies that

e we = wis < n [ wes — w3 + 2[0(w) — L(wi—1)] + G,
By summing over t =11to t = T, we obtain
T T o4
7 llwr = w3 < g [wo — w3 +2 [tl(w) — be(we1)] + G°) V3
t=1 t=1

Using ZL1(1/1‘) <1 +InT, we obtain the desired bound.



Weighted Regret

It is possible to remove the In T factor if we use weighted regret.

Theorem 12 (Thm 14.12)

Consider convex loss functions ¢;(w) : Q — R, which are G-Lipschitz
(that is, |V/¢(w)||l2 < G) and X strongly convex. If we let
nt = 2/(A(t+ 1)) > 0 in Algorithm 3, then for for all w € 2, we have

)
2(t+1) (t+1) 2G°
2.7 T g ZT(T+3) W) XT3y




Proof of Theorem 12

As in the proof of Theorem 11, we have

[we — w5 < (1 — ned) Wit — w3 + 2ne[le(w) — Le(wiq)] + GPrif.

This implies that 1, 2(1 — ne\) < 1,4, where we set ;2 = 0:

2 we = wiB < 05l wemy — wlig + 20, [0(w) — Le(wes)] + G2

By summing over t = 11to t = T, we obtain

T

n7ellwr — wig < ngZllwo — wl3 +2)  n; [e(w) — e(wiv)] + G7T.
t=1

This leads to the bound.



Oracle Inequality

Corollary 13

Consider the regularized loss function (8) with wy = 0, where ¢(w, ) is
convex in w, and G Lipschitz in w. Moreover assume that

d(Q2) =sup{||w|l2: we Q}. IfZ,...,Zr ~ D are independent samples,
then we can obtain the following expected oracle inequality for Algorithm 3 if
we take learning rate in Theorem 11:

a A In
EsEpo(,2)+ |13 < jnf [Epo(w.2) + 5 IwlB| + R (G+ad@)P
We can also obtain the following expected oracle inequality for Algorithm 3 if
we take learning rate in Theorem 12 with w’' = ZtT: 1 %Wt,h then
2[G+ \d(Q)]?

A A
A W2 < i i 2
Es,Ep¢(W,Z) + 5| W3 < inf [Ems(w, Z)+ 5 ||w||2} ST+



Hedge Algorithm for Nonconvex Problem

Algorithm 4: Hedge Algorithm

Input: T, prior pg(w) on €, learning rate n > 0
1 Randomly draw wy ~ po(w)
2 fort=1,2,..., T do
3 Observe loss ¢¢(w;_1)
4 Randomly draw w; ~ ps(w) according to

pr(w) o po W)exp< nzﬁs(w> ©9)

where po(w) is a prior on €.




Regret Bound

Theorem 14 (Thm 14.15)

Assume that for all t:

sup Li(w) — v|l/21;'2 l(w) < M,

weQ

then Algorithm 4 has regret

.
E Li(wi_q) < inf |Epye 2( KL
; Wi—1~pt—1(") t(Wi—1) _pelg(fl) w PZ t(w) + pHpO)]
nTM?
4= 8

where A(QQ) denotes the set of probability distributions on Q.



Result used in the Proof of Theorem 14

Proposition 15 (Prop 7.16)

Given any function U(w), we have

min [Bu-pU(w) + KL(p )] = ~ InEw-p, exp(~U(w)).

and the solution is achieved by the Gibbs distribution
q(w) o po(w) exp(—U(w)).

Here A(Q2) denotes the set of probability distributions on Q.



Proof of Theorem 14

Let t
Zi = —InEyp, exp (—17 ZES(W)>
s=1

be the log-partition function for observations up to time t. We have

Zi 1 —2Zt =InEyep, , exp (—nlt(w))
772/\/72
8 9
where the first equation is simple algebra, and the inequality follows
from the estimate of logarithmic moment generation function in

Lemma 2.15. By summing over t = 1 to T, and noticing that Z = 0,
we obtain

< - nEWNPrqu(W) +

TM2
ZEWt improa ()t (We1) < ZT+ k 8
t=1
The desired bound follows by applying Proposition 15 to reformulate
the log-partition function Z7.




Example

If Q contains a discrete number of functions, and consider p to be a
measure concentrated on a single w € €, then
KL(p||po) = In(1/po(w)). We thus obtain from Theorem 14

T

1
ZEWI 1~Pt— 1()€t Wt 1 - Inf [Z“gt 7In pO(W)

t=1

77T/\/I2
g

If |2| = N with po(w) = 1/N, then by setting n = \/81In N/(TM?), we
obtain

’ TN
;EW{ {~Pr— 1()51(W1 1 < |nf th +M 5

This matches the generalization result using empirical process in
Chapter 3. Large probability bounds can be obtained by using online
to batch conversion with Azuma’s inequality.



Summary (Chapter 14)

» Basics of Online Learning
» Perceptron Mistake Bounds
» Online to Batch Conversion

» Online Convex Optimization

> first order gradient algorithm
» non-strongly-convex regret bound
» strongly-convex regret bound

» Online nonconvex optimization



