Additive and Sparse Models

Mathematical Analysis of Machine Learning Algorithms
(Chapter 10)



Additive Models

We consider additive model of the following form:
f([w, 6], x) Z Wi (6);

where for simplicity, we consider real valued functions

P(d,): X =R



Finite Family Model Combination

Assume that © has only finite number of m elements {61, ...,0n},
then (1) can be regarded as a linear model with respect to the model
parameter w as:

f(w,x) =Y wity(x) = w'(x),
j=1
with features v;(x) = (6}, x), and ¥ (x) = [¢1(X), ..., ¥m(X)].

We further assume that each feature v;(x) is a prediction function

’QZJI(X) € [O, M]



Model Complexity

Without regularization

Model complexity is determined by the model dimensionality m.

With L, regularization

Function class is
F = {f(w,x) = w'y(x) : [w]z2 < A}

Rademacher complexity is

Ro(F', D) < A %EDK(X, X),

with kernel  k(x, x) Z Pi(x



Model Complexity (L. regularization)

From

1 m
Ex~pk(X, X) < — z;EXND¢j(X)2 < M?,
j:

we obtain the following result.

Rademacher Complexity
Rn(F',D) < \/gAM,

which depends linearly on v/m.



Matching Lower Bound

Proposition 1 (Prop 10.1)

Assume that the m feature functions {v;(X)} are orthonormal when
X ~ D. Then there exists an absolute constant ¢ > 0 such that for

sufficiently large n,
Ro(F',D) > c\/%A,

where F' is given by (10.2).

Proposition 1 implies that the factor v/min R,(F’, D) cannot be
removed in general with L, regularization. To avoid m dependency,
one needs to use small L, norm:

RA(F",D) < \EAM, F = {f(w,x): |wl§ < A2/m}.



Sparsity

One common assumption to achieve better generalization is to
impose an additional sparsity constraint.

Definition 2

The sparsity pattern, or support of a weight vector w € R™ is defined
as

supp(w) = {j : w; # 0},
and the Ly norm of w is defined as

wllo = [supp(w)|.



Example 3

Consider RBFs of the form
(0, x) = exp(—B|x — 0]3)
for B > 0. We can use RBFs as basis functions in additive models
m
f([w, 6], x) = > wjexp(—B]|x — 6[|3).
j=1
The corresponding RKHS norm for additive model is
If([w, 6] )12 = m ) _ wf. (2)
j=1

However, even for simple 1-dimensional functions such as
Z/-’L exp(—||x — j||3), the complexity measured by the RKHS norm in
(2) can be rather large.



Sparse Learning

For each sparsity pattern F C {1,..., m}, we may define the
|F|-dimensional sparse function class

9F = {¢(w,2) : supp(w) C F},
where ¢(w, z) = L(f(w, x),y) = L(w"(x), y).

We can now consider the following sparse learning method:

W = arg mm Zqﬁ (w,Z)+r(F)| subjectto supp(w) C F, (3)

Generalization error bound only depends logarithmically on m, and
linear only with respect to the sparsity.



Oracle Inequality of Sparse Learning

Theorem 4 (Thm 10.4)

Assume supy, , ,/[p(W,Z) — ¢(w, 2')] < M. Let S, be n iid samples from D.
Then with probability at least 1 — §, the following bound holds for all w € R™
and sparsity pattern F such that supp(w) C F:

6w, D) < o(w, S7) + r(F) + My "0

where

r(F) = 2R(Gr,D +M\/|F|'” em/\Fg:ln(\F\H)

for all F. Consider the sparse learning algorithm in (3). We have the
following oracle inequality. With probability of at least1 — §:

D)< inf [o(w, D)+ r(F)] + 2My[ ")

wWERM supp(w)CF 2



Result used in the Proof of Theorem 4
Theorem 5 (Thm 8.7)

Consider the model selection algorithm in (8.3), with

R(9,f,5n) = R(8) > 2Rs(F(6), D) + M(9) W;;r(@))

where M(0) = supy , , |#(f, Z) — ¢(f,2')|, and q(0) satisfies (8.1).
Then with probability at least1 — ¢, for all # and f € F(0):

In(1/6)
2n

(f, D) < 6(f,Sn) + R(6) + M(6)

Moreover, we have oracle inequality: with probability of at least1 — 9,

f i F In(2/6)| . -
HHDY < inf ¢, D)+ RE)+2MEW/ =5 =| +&




Proof of Theorem 4
We note that

m m mS s ms
< — < — . < —.e°=(me/s)’.
<s>_s!_ss sl = ss (me/s)

We can now consider each Gg as a model, with

(FI+1)2 _(FI+1)2
(me/IFNIFE= ()

ar =

Therefore we have

1
Z C’FSSZ;(SJHF

F:|F|>1

i

For each index F, we may consider w as the ERM solution under the
constraint supp(w) C F. We can thus apply Theorem 5 with models
indexed by F C {1,..., m} to obtain the desired bounds.

m
F:|F|=s F



Example 6 (Part I/1l of Expl 10.5)
Consider the linear binary classification with loss function
L(f(w,x).y) = L(w"¢(x)y < 0).

We know from the Rademacher complexity of VC-class

F
R(GF,Sn) < co %

for some constant ¢; > 0. Therefore we may let

r(F) = c'\/i“'_',')“m

for a sufficiently large constant ¢/, and solve

. 1§
W = arg min [n > LwTw(X), Vi) + X ||W|O]
i=1

with A = ¢/ /o,



Example 7 (Part II/ll of Expl 10.5)

From Theorem 4, we obtain the following oracle inequality. With
probability at least 1 — §:

EpL(f(#, X), ¥) < inf [EpL(f(w,X),Y)+AV/[w]o] +2 In(22r/'5)'

~ weRm

The bound is linear in y/||w||o, and logarithmic in m since

Inm
_ /
A—c\/—n .



L1 Regularization

Consider the general situation that © is infinite. For notation
simplicity, we can define the function class

W = {4(0,x): 0 € O.

Definition 8 (Convex Hull, Def 5.12)

The convex hull of a function class V is defined as

m
CONV(W) = {Z wb(0;,x): m>0, [[wlly =1, w; >0, ejee}.
j=1

We may also include the closure of the finite sum functions above in
the convex hull with respect to an appropriately defined topology.



L4 Norm
The non-negative L1 regularized additive models are:

}‘;h(\u) = {af(x):ae€|0,A],f(x) € CONV(V)}.
We may also consider L regularized additive models as:

Jj=1

Definition 9

Let 7, (V) be point-wise closure of UasoFa L, (V), then

Far, (W {Z w0, x) : |[wly <A, 6O, m> o}.

f(x Z Wi (6, X)

For notational convenience, we write functions in 7, (V) as

f(x) = w'(x),

where (x) is the infinite dimensional vector [/(0, X)]oco, and ||f||1 = ||w||1.

Vi€ FL (W)« |fll1 = lim inf{w||1 sup
e—0




Rademacher Complexity

Theorem 10 (Thm 10.8)

We have

R(CONV(V),Sy) = R(V, Sp).
If either W = —WV or 0 € V, then the following equality holds:

H’(]—“;{L1 (V),Sn) =A-R(V,Sp).
IfV = —W, then the following equality holds:

R(FaL,(V),Sp) =A-R(V,Sp).



Proof of Theorem 10 (I/Il)

We prove the second equality. Since A- ¥ C ]—“;{L1 (v, Sy), we have
A-R(V,S,) < Fn’(f;{jL1 (V), Sp).
Moreover, consider any function

m
Zw(e,,x); Iwlly <A, w;>0,6,€0

and o; € {+1}, we know that under the conditions of the theorem,

n

m
Za,ZWﬂb 9, X;) ZW]ZU,w 0, X;)
i=1 j=1 j=1 i=1
m n
< Z wjsup Z o (0, X))

=|lw]|1 supZUﬂ/} 0, X;).

i=1
The first inequality used w; > 0.



Proof of Theorem 10 (ll/II)

Continue from the previous slide, we have

n
—o=[lwlly SU_PZUW(QJWX/)
<||w/|1 sup ZU,¢ <A;UEZU,¢
i=1

The last inequality used the fact that |w||; < Aand
supyey i1 oitb(X;) > 0. This implies that

R(Fx ., (V),Sn) < A-R(V,Sn),

and thus we obtain the second desired equality of the theorem. The
proof of the first equality of the theorem is similar. The third equality
of the theorem holds because the condition implies that

R(FaL, (V) Sn) = R(}—X,h (W), Sn).

This proves the desired result.



Example 11

Assume that V| = N, then |W U —V¥| < 2N. From Rademacher
complexity of finite function class, we have

2In(2N
R(Far,(¥), Sn) < Asup ¢l 1) - (2N)
PeEW n

If |40(x)| < Bfor all ¢ € W, then

2In(2N
R(FaL,(¥),Sn) < AB ”(n ).



Example 12

Assume that V¥ is a binary function class with VC dimension d, then
we know that from Example 6.26 that

R(V,S,) < 16\[’:.

R(Far,(V),Sn) < ARV, Sp) + AR(—V,Sp) < 32A\/§.

It follows that



Example 13

In two-layer NN, let ¥ be an Ly-regularized ReLU function class:
W= {p(0.x) =max(0,67x): [0l < a,llx2 < 8},
and the corresponding L regularized two-layer NN can be expressed

as

m
F) =Y wip(6;, %) : [wlly < A [|6]]2 < o, [|x]]2 < B-
j=1

This function class belongs to F4 1, (V). We thus obtain the following
bound for L regularized two-layer NN:

R(FaL,(V), Sn) <2AR(V, Sp) (Theorem 10)
<2Aaf/V/n, (Corollary 9.21)

where we note that max(0, f) is 1-Lipschitz in f.



Lasso

We now consider the following hard-constrained L, regularized
learning:

X 1L
wza@%wnz;uwﬂmx;w) lwly <A

=
Similarly, we may consider the soft-regularized version as:

R A T
W_argmml/nnzL(W P(X), Yi) + Allwl|1.
=



Generalization Analysis of Ly Regularization

Corollary 14 (Cor 10.12)

Assume that L(p, y) € [0, M] is v Lipschitz with respect to p. For fixed A > 0,
with probability at least 1 — 6: for all f(x) = wTv(x) such that |w||; < A:

In(1/0)
2n ’

EpL(w'(X),Y ZL (W (X)), Yi) + 2yAR,(V+, D) + M

where V1 = {1(x) : ¢(x) € W or —(x) € V}. Moreover, for (4), if we solve
it approximately up to sub-optimality of ¢, then we have with probability at
least1 —0:

EpL(W'4(X),Y) < mf EDL(W (X)), Y)+ 2vARy(Vi,D) + ¢

Iwl <
2In(2/6)
s

+M




Example
Example 15
If W contains m functions {1(x), ..., ¥m(x)}, each |¢;(x)| < B, then

2In(2m)

Therefore the bound of Corollary 14 implies the oracle inequality

EpL(W'4(X), Y) < it LEpL(w'9(X), Y) +27AB

21In(2m)
n

M 2 |n(2/(5).
n
This has a logarithmic dependency on m, similar to that of the

sparsity constraint in Example 6.



L1 Penalty Regularization: Uniform Convergence

Corollary 16 (Uniform Convergence in Cor 10.14)

Assume that L(p, y) > 0 is v Lipschitz, My = sup,, L(0, y), and
B = supy yevw [¥(X)|. Consider Ay > 0, then with probability at least
1 — §: the following inequality holds for all w:

EpL(w b(X), Y) < 3" LW (X)), Yi) + 45(A0 + [W]l)Ra(V, D)
i=1

In(2+1 14 lwlh n (4
+(M0+278(Ao+|W|1))J ( °g2,§ %)), nG)



Proof of Corollary 16

Let Ap = 29Ag, with g(0) = (1 +6)2for6 =1,2,..., and let f(x) = wT(x).
Consider F(1) = {w ¥ (x) : |w]|/; < A}, and
F(0) = {wT(x) : Ag—1 < ||wlls < Ag} for 6 > 1. We have

Bo(F(0), D) < 7AgRa(Vy, D).

Given any w, let 6 be the smallest number such that
f(w,x) = wTW(x) € F(0), then Ay < 2(Ag + ||w|1). Therefore

L(f(x),y) < L(0,y) + ~[f(X)| < Mo + vAsB < Mo + 2v(Ao + || w||1)B.

In Theorem 5, we take M(0) < My + 2v(Ao + ||w||1)B, and
1/q(0) < (2 + logo(1 + [lwll1/Ao))?. Let

R(0,1,Sn) =4~(Ao + [Iwl[1)Rn(V £, D)

This implies the desired uniform convergence result.



L1 Penalty Regularization: Oracle Inequality
Corollary 17 (Oracle Inequality in Cor 10.14)

Assume that L(p, y) > 0 is v Lipschitz, My = sup, L(0, y), and
B = sup, v |¥(X)|. Consider Ay > 0, and (5) with

A > 49Rq(V4, D) + 278\/“’(2 + logy(1 : Mo/(A)))

We have the following oracle inequality. With probability at least1 — §:

EpL(#T4(X),Y) < inf

EpL(w 4(X),Y) + (A+4’yB In(22r{6)> ||W||1]

+ €n(0), where

In((2 + logo(1 + Mo/ (A Ao))))
n

€n(5) = 4’)/AOR,—,(\Ui, D) + (M() + 2’)/AQB)\/

+ (2Mo + 4~vAsB) i)



Proof of Corollary 17

Following the proof of Corollary 16. With the condition of A, we have
||w||1 < Mo/, and by considering ||w||y < Mp/A, we can redefine

R(6) = R(6,,S,) =Allwl|1 + 4yAcRy(Vx, D)

In(2 + logo(1 + Mo/(/\Ao))).
n

+ (Mo + ZWAOB)\/

This definition of R(6) is an upper bound of (6). We can thus apply
Theorem 5 again to obtain the desired oracle inequality, where we
also use 2Mp + 4vAoB + 4vBJ|w||1 as an upper bound for 2M(6).



Example 18

Consider (5) with a function class V of finite VC-dimension (or
pseudo-dimension) VC(W4 ) = d, which includes the two-layer neural
network as a special case.

Under the assumptions of Corollary 17, we have R,(Vy,D) = O(B+/d/n)
(see Example 6.26). We can take Ay = My/(vB) and set

= d

EpL(WT9(X), V) <inf lIEDL(wW(XL Y)+0 (vB d+n(1/9) |w|1>1

n
B (Mo d+|n(1/6)> |

n

to obtain

We use the notation O(-) to hide log-factors.



Posterior Averaging as Additive Model
In a continuous additive model, with features (6, x) (6 € ©),

f(w.x) = [ w(6)u(6.x) du(o),
where d(0) is a measure on ©.

As a special case, we consider w(60)du(6) as a probability measure.
We use q(0) instead of w(6) to denote the fact that this is a
probability measure.

Model Averaging

Our goal is to find a distribution g on © (also referred to as posterior
distribution), such that the additive model is

(g, x) = / 56, X)q(6)d0 = Eg gyt (0, X). @)



Entropy Regularization

We consider the entropy regularization to regularize the posterior
distribution qg:

KL(ql|qo) = / q(x)In CZ((?) do.

Corollary 19 (Cor 10.17)

Let Fa = {f(q,x) : KL(ql|qo) < A?} be entropy regularized functions
of (7). Then

R(Fa,Sn) < \/>Asup\l Z¢ (0, X;)?



Proof of Corollary 19

We have

SI.‘JJP l ZU,E9~q¢ (0, X) — (CI|CI0)]
E ;in(eaxi)]

2 n
ZInEgg,Eq exp [/\n > oo, X,-)]

i=1

A
:§IEO. InEg~q, exp

I\)>/

<

N >

2 n
In EQN% exp [AZ,-,Z Z w(é, )(1)2‘| .
i=1
The first equation follows from Proposition 7.16. The first inequality used

Jensen’s inequality and the concavity of In(-). The second inequality follows
from the sub-Gaussian exponential inequality. It follows that

A 1 n
R <A+ — X;)?
(Fa:Sn) < 5A% + 5 sgp;w(e, )

By optimizing over A, we obtain the desired bound.



Example: Finite Function Family

Corollary 19 holds for general function classes. In the case of finite
family with © = {61, ...,0m}, and go(8) = 1/m for all 6, the following
inequality always holds:

KL(qllgo) <Inm

for all g. Therefore entropy regularization implies a bound for L4
regularization with nonnegative constraint >-;"; w; = 1 and w; > 0.
Since this is exactly the convex hull of W = {(6, x)}, Corollary 19
implies that

2Inm
R(CONV(Y), S) < |/ == sup (6. ly(s.)

which is identical to the Rademacher complexity of convex hull of
finite function class obtained earlier.




Information Theoretical Analysis

We now consider the notations introduced in Section 3.3, where we
are interested in minimizing a loss function

p(w,z): QA x Z—R.

Randomized Prediction

We consider a general randomized algorithm A : 2" — A(Q), where
A(Q2) denotes probability measures on Q.

In this setting, given training data Sy, A(Sy) returns a posterior
distribution g on Q. It then randomly draws a model from g to make
prediction.

We want to derive information theoretical generalization bound for an
arbitrary randomized learning algorithm.



Information Theoretical Uniform Convergence Bound

Theorem 20 (Expected Generalization Bound in Thm 10.18)

Consider a randomized algorithm A that returns a distribution
q(w|Sn) on the parameter space 2 for each training data S, € Z".
Then for any data independent distribution gy on Q2 and A > 0:

1 n
Es,Bw-g(s)N(1/(An), W) <Es,Ewg((s,) 7 > o(w,Z)

i=1

+ AEs,KL(Gl|q0),

where :
/\()‘7 W) = _X InEz.p exp( _)‘¢(Wa Z))

High probability result, referred to as PAC-Bayes analysis, can also
be obtained (see Theorem 10.18).



Proof of Theorem 20

Let A(Sy) = sup [EWNW”) (Au SO W)~ 1S 6w, zo) - AKL(@HQO)] ,
g i=1

then
A 'Es,opn A(Sy) < InEs,pnexp(A~A(S))) (Jensen’s inequality)

A1 n
=InEg,pnexp llnIElWNq0 exp <)\ AT/(M - —Zqﬁ w, Z) )]
(Proposmon 7.16)

=InEw~g |exp (A\"'A(1/(AN), w)) Es,~pn exp <—_12¢ w, Z) )1

i=1

0By g -exp (A\TA(1/(An), w)) <IEZND exp </\n1¢(W, Z)>)n‘|

(Independence of Z;)

=InEy~g, :exp (ATTA(1/(An), w)) (exp (;n/\u/(m), w)))n] =0.




Example: Bounded Function Class

Example 21 (Expl 10.19)
Assume that ¢(w, Z) € [0, M]. Then

AM?
YweQ: —-A\w)<—¢(w,D)+ 5
Then we obtain from Theorem 20 the following generalization bound.

For any A > 0 and learning algorithm g:

2

) M
EEy~g(s)#(W: D) <E |Eygis)d(W: Sn) + AKL(GlIG0) + g7~ | -



Mutual Information Bound
Define the mutual information of A and S, as follows:

qg(w|S, N «
I(A, Sn) = Es,Eyg(isy In q(a(u‘/v)n)> q(w) = Es,q(w|Sh).

Corollary 22 (Mutual Information Bound, Cor 10.22)

Under the assumptions of Theorem 10.18, we have the following
expected generalization bound for all A > 0:

1 n
Es,EAN(), D) <Es,Ea-- > o(w, Z) + A(A, Sp),
i=1

where E 4 denotes the expectation over the randomization of
algorithm A: that is, w ~ q(-|Sp).

Mutual information optimizes the expected KL divergence over prior qo:
(A, 87) = inf Es, KL(§|0)-



Example: Bounded Function Class

Example 23

Assume that ¢(w, z) € [0, M]. Then

N2 M2

A < S

We obtain from Corollary 22:

1< M?
< - AN i
B BAb(n,D) <EEag D o(w2) + nf | MA.80) + g1
1 < I(A,Sn)
—ESnEAEZ¢(W,Z:)+M T

i=1



Gibbs Algorithm
We now consider the Gibbs Algorithm

4(W[Sn) > Go(0) exp (—;n > aw. z,-)> . ®)
i=1

Corollary 24 (Cor 10.25)

The following expected oracle inequality holds for the Gibbs
distribution (8):

Es,Euwngh(1/(An), w) <inf [Ew~q¢(w, D) + AKL(ql|q0)]
where \(-) is defined as
A W) =~ InEzp exp( ~A(W, 2))

in Theorem 20.



Proof of Corollary 24

From Proposition 7.16, g is the solution of the following regularized
empirical risk minimization problem:

g = argmin [Eewq:, S 6w, Z) + )\KL(QHQO)] . (©)

i=1

Therefore for any q, we obtain from Theorem 20

Es,Ew~gN(1/(An), w) <Es, [EWNCA]:.' > ¢(w, Z) + AKL(q] |QO)]
i=

1 n
SESn !EWNqn Z ¢(W7 Z,) + )‘KL(quO)]
i=1

= [Ew~qp(w, D) + AKL(ql|qo)] -

The first inequality used Theorem 20. The second inequality used (9).
The last equation used the fact that Z; ~ D. This implies the result.



Conditional Density Estimation

Corollary 25 (o« = 0.5 in Cor 10.26)

Consider the following Gibbs algorithm:
n
G(WISn) o Go(6) exp (o.sz lnp(Y,-|w,x,-)) .
i=1
Then
Es~0rEwngEx~oH(p.(-|X)||p(-|w, X))?

; 2KL
<inf | EunqBx~pKL(p. (-1X)][p(1. X)) + (‘7”670)} 7

n

where H(-) is the Hellinger distance:

2

H(P(IX)IIP(-1X))? = Evp iy ( IZ<($||>)<<)) B 1)



Proof of Corollary 25

The Gibbs algorithm is equivalent to
o(w,Z) = (Inp.(Y|X) — Inp(Y|w, X))
and A = 2/nin Corollary 24.

0.5
A1/(An),w) = —2InE(x yyop (W)

= —2in [1 - 05ExpH(p(1X)II0/(1X)]
>ExpH(p(1X)| [P (-1X))2.

Moreover,
Epg(w, Z) = ExKL(p.(:|X)[|p(-|w, X)).

The desired bound follows directly from Corollary 24.



Boosting

Boosting is a popular method to learn both w; and 6, in (1)
sequentially forj=1,2,...

In AdaBoost, we consider binary classification problem ¢ € {£+1} and
Yi e {£1}.

Assume we have an algorithm A that can learn 0 = A(S,) from any
weighted version of data S, = {(p;, Xi, ;) : i=1,...,n}:

n
0 ~ arg min ;pil(@b(@, X)) # Y)), (10)

where p; > 0.
The learner A is often referred to as a weak learner. AdaBoost finds
a strong learner using a sequence of fitting with the weak learner A.



AdaBoost

Algorithm 1: AdaBoost

Input: S,, V
Output: f(7)(x)
1 Let fO(x) =0
2 letpy=---=pp=1/n
sfort=1,2,...,Tdo
Find 6; by approximately solving
0t ~ argmingeo >_i_q pil(1¥(6, X)) Y; < 0)
Let rp = 3214 pit (61, X)) Y
Let w; = S In((1 +r)/(1 — 1))

© 00 N O O »H

Normalize p; so that Y7, p; = 1
10 | Let fO(x) = fE=D(x) + wp (6, x)
Return: f(7)(x)

Let pj = pi - exp(—wep (6, Xj) Yi) fori =1, ...




AdaBoost is Greedy Algorithm
Theorem 26 (Thm 10.29)

Assume thatV =V, (0, x) € {£1}, and y € {+1}. Then AdaBoost
implements the greedy algorithm to minimize the loss function

L(f(x),y) = exp(=£(x)y).

That is, at each time t, AdaBoost (with exact minimization in Line 5 of
Algorithm 1) solves the following problem:

n
[ws, 64] arggjg;

Moreover, the prediction function f(7) obtained by Algorithm 1

satisfies
1 n - T
I —fD(X)Y; 2
nEe "<||\/1 re.
i=1 t=1



Margin Bound for AdaBoost
Corollary 27 (Cor 10.30)

Under the assumptions of Theorem 26, and assume further that W has
VC-dimension d. Let ||f(D)||y = Y|, w;. Assume thatfort=1,..., T, we
have r; > ry > 0 in Algorithm 1. Then 3C > 0 so that with probability at least
1-6:

n
Epxryopl(F{O(X)Y < 0) < % S 1)V < 1)

i=1

margin error
o Ul + D2dInnin(n 4 [[7];) + In(1/0)
n )

where margin error is upper bounded by

T T 2
. . 1 o
2
—04 g < — —m .
exp <1 0 2 mln(1, Wt )) exp <1 1 n (2,'“ 1 I’o) )




Gradient Boosting for General Loss Function
More generally, we assume that the weak learner (or base learner) A
can approximately solve the least squares regression problem:

n

,min_ ;[ww(e, X)) + g1l
This leads to the following algorithm.

Algorithm 2: Gradient Boosting
Input: S, V, L(-,-)
Output: (7)(x)
1 Let fO(x) =0
2fort=1,2,...,Tdo
3 | Letg;=Ly(f"1(X)), ;) (i=1,...,n) be the functional
gradients
Solve for [w, ;] = arg minwer geo Yo W (6, X)) + gil?
Let fD(x) = =D (x) + wyp(8y, X)

Return: f(7)(x)

o s




Convergence of Gradient Boosting

Under suitable conditions, gradient boosting can find a solution
approaching the minimum of

feF ©

min > " L(f(X;), i),
i=1

where
F=|J{A-conv(V.): AcR}

is the linear span of V.



Sparse Recovery

Consider sparse linear regression model

Y = XW +e (11)

> X: n x pdesign matrix
» Y: ndimensional observation vector.

» ¢: n-dimensional zero-mean noise vector with independent
components.

» Model parameter w: p-dimensional.
» Sparsity: ||w|jo < p.

Note that due to the rescaling mentioned above, we will assume that
columns of X are bounded in 2-norms. The corresponding proper
scaling of ¢ is to assume that each \/ne; is o sub-Gaussian.



Lasso and Sparse Recovery

Ly Regularization

Consider Ly regularization (Lasso):
. . 1
W=argmin Qu, (w); Qu(w)= 3| Xw— YI3+Awls,  (12)

where A > 0 is an appropriately chosen regularization parameter.

Under appropriate conditions, one can recover the true sparse
parameter w using Lasso. This is referred to as sparse recovery.

» (Support Recovery) Whether Lasso finds the correct feature set:
supp(W) = supp(w)? Moreover, we say the Lasso solution is sign
consistent if supp(W) = supp(w) and sign(W;) = sign(w;) when
J € supp(W).

» (Parameter Recovery) How good is the parameter estimation, or
how small is ||W — w|2?



Support Recovery: Irrepresentable Condition

Assumption 28

Let F = supp(w). Assume that X1 Xz is positive definite. Define

j = sup |XjTX,:—(X,:TX/':)715ign(V_V)F"-
JgF
Then the condition
w<1

is referred to as irrepresentable condition.

It is known that if elements of /nX have iid standard normal
distributions, then for any fixed w, such that |w||o = s, the
irrepresentable condition holds with high probability when
n=Q(slnp).



Support Recovery: Theory
Theorem 29 (Thm 10.37)

Assume that the irrepresentable condition holds:

b= sup |XjTX,:-(X,—_TX,:-)_1sign(l7v),-_-| <1.
JéF

Assume that we choose a sufficiently large \ so that

A> (1= p) Tsup [ X (Xp(XE Xg) T X2 — Del.
j&F

If the weight w is sufficiently large:

min ] > IO XE) ™ loosoo (A + (1 X2 elloo),

then the solution of (12) is unique and sign consistent. Here

|M||co—o00 = supy[l|MU||s/||U||] i the maximum absolute row sum
of M.



Parameter Recovery: Condition

Definition 30 (RE)

An n x p matrix X satisfies the restricted eigenvalue condition
RE(F, ¢p) for F C [p] if the following quantity is nonzero:

s IXwll2
w0, || wlls<collwells ||W]2

kre(F, co) =

A more common condition is restricted isometry property (RIP),
which is related to RE.

Both RIP and RE holds for all w such that |supp(w)| = O(s) when
n=Q(slnp).



Sparse Recovery: Theory

Theorem 31 (Thm 10.42)

Let F = supp(w). Assume that the columns are normalized so that
sup; || Xjll2 < B and (with the corresponding proper scaling)

components of v/ne are independent zero-mean o sub-Gaussian
noise:
InEe* < A262/(2n).

Assume that

N I

Then with probability at least 1 — ¢, the solution of (12) satisfies

16)2]|w|lo

A2
w—-w|5 < ———.



Summary (Chapter 10)
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Additive Model

Sparsity and Ly Regularization

Rademacher Complexity for Ly Regularization

L4 regularization and Rademacher Complexity

Information Theoretical Analysis with Entropy Regularization
Boosting and Greedy Algorithm (brief)

Sparse Recovery (brief)



