Analysis of Kernel Methods

Mathematical Analysis of Machine Learning Algorithms
(Chapter 9)



Linear Models with L, Regularization

Linear Models in Feature Representation

F = {f(w, x) : f(w, x) = (w,(x))}, (1)

where (x) is a pre-defined (possibly infinite dimensional) feature
vector for the input variable x € X', and (-, -) denotes an inner product
in the feature vector space.

Regularized ERM, with L, Regularization

W = arg min [ZL P(0), )glerQ], @

which employs the linear function class of (1).



Kernel

Given feature map v (x), we define its kernel function:

k(x,x') = (¥(x),9(x)). 3)

Given training data {(Xj, Y;)}, we define kernel Gram matrix

k(Xi,X1) - Kk(X1,Xn)
Ko =
KX X1) - k(X Xo)

It is easy to check that the kernel Gram matrix Ky« is always
positive-semidefinite.



Kernel Trick
Proposition 1 (Prop 9.1)

Assume that (3) holds. If w has a representation

n o
W= Z ai¢(Xi)7 o= |: c ] ) (5)
i=1

Qn

then f(x) = (w,¢(x)) € F of (1) satisfies

f(x) = aik(x;, x) (6)
i=1
(w,w) = Z Z ajaik(Xi, %) = o' Knxna. (7)

i=1 j=1

The reverse is also true. If f(x) satisfies (6), then with w defined by
(5), we have f(x) = (w,9(x)), and (7) holds.



Proof of Proposition 1

Consider f(x) = (w,(x)). If () holds, then

F(X) = (w, (X)) =Y ai(th(x), (X)) =Y _ aik(x;, X)
i=1 i=1
Moreover,

Zzalaj (xi), ¢()9)>

i=1 j=1
This implies (7). Similarly the reverse direction holds.



Consequence of Kernel Trick

Theorem 2 (Representer Theorem, Thm 9.2)

For real valued functions f(x), the solution of (2) has the following
kernel representation:

n

<W7¢(X)> :?(6‘7)()7 ?(6‘7X):Z&ik()(i’x)'

i=1

Therefore the solution of (2) is equivalent to the solution of the
following finite dimensional kernel optimization problem:

&=arg min | LS L(F(0, X), Vi) + 20 Knena| . (8)



Proof of Theorem 2 (I/11)

Let
Qi(w) = -3 L(w, (X)), Vi) + 5 Iwl?

i=1

be the objective function of (2), and let

19~ A
Qo(a) = n Z L (f(oz,X,-), Y/) + EOZTKnanK
i=1

be the objective function of (8).
The solution of (2) satisfies the following first order optimality
condition:

IS L4 w0, () + i = 0.
i=1

Here L (p, y) is the derivative of L(p, y) with respect to p.



Proof of Theorem 2 (1l/1I)

We thus obtain the following representation as its solution:
n
W= a@(X),
i=1

where ’

Using this notation, we obtain from Proposition 1 that
(W, (X)) = f(&, x), (W, W) =& Knxné.
This implies that
Qi(W) = Qx(&) > Qe(&) = (W),
where the last equality follows by setting w = >, &4(X;).

Proposition 1 implies that Qx(&) = Qq(w). It follows that w is a
solution of (2), which proves the desired result.



Example 3 (Kernel Ridge Regression, Expl 9.9)
Consider ridge regression in the feature space representation:
W = argmin [ S (W, 6(X)) — Y02+ 2w, w)
= arg mM|/n n — ) i i > \W .

The primal kernel formulation is:

a€ER? | N 4
i=1

T- [ i A
& = arg min | — Z k(Xi, Xj)oj — Yi | + §aTKana
Jj=1

There is also a dual formulation which has the same solution:

A =a a —i TK, a—i—)\aTY—)\—zaTa
a = rngeHgS’ 204 nxn 4 s

where Y is the n dimensional vector with Y; as its component.



Positive-definite Kernel

Definition 4

A symmetric function k(x, x’) is called a positive-definite kernel on
X x Xifforallaq,...,am € Rand xy,...,xn € X, we have

m m
ZZO&,‘O&jk(X,’,Xj) > 0.

i=1 j=1



Reproducing Kernel Hilbert Space (RKHS)

Definition 5 (RKHS, Def 9.4)

Given a symmetric positive-definite kernel, we define a function
space H, of the form

Ho = {f(x) L f(x) = Em:a/k(X/,X)} )
i=1

with inner product defined as

|f(x ”H—ZZQIO‘/ (X3, Xj)-

i=1 j=1

The completion of Hg with respect to this inner product, defined as H,
is called the reproducing kernel Hilbert space (RKHS) of kernel k.



RKHS Norm is Well-Defined

Proposition 6 (Prop 9.5)

Assume that for all x € X':

then

The result means that even when a function f(x) has two different
kernel representations, the RKHS norm ||f(x)||3x computed using the
two representations are identical.



Mercer’'s Theorem

Theorem 7 (Thm 9.6)

A symmetric kernel function k(x, x') is positive-definite if and only if
there exists a feature map 1(x) so that it can be written in the form of
(3). That is,

k(x,x") = ((x), ¥(x')).

Moreover, let H be the RKHS of k(-, -), then any function f(x) € H
can be written uniquely in the form of (1), with

()15, = (w, w).



Example

Example 8

If x € RY, then a standard choice of kernel is the RBF (radial basis
function) kernel:

—|lx = X3
202 ’

k(x,x') = exp [

It is easy to check that it can be written in the form of (3) using Taylor
expansion as:

k05, ) o[- 0F] g [ ”ﬂéak.




ERM in RKHS

In general, we can consider abstract ERM problem in any RKHS H
with norm || - || .

Given an RKHS #, one may consider a norm constrained ERM
problem in H as follows:

. 1 _ _ N <A
f(-) = arg mg{nZL ), Y;) subjectto ||f(:)]x <A (9)

The corresponding soft-regularized formulation with appropriate
A>0is

n

H) =arg min | LS00, )+ SB[ (10

n
f)en | N =



Equivalence Theorem
Theorem 9 (Thm 9.8)

Consider any kernel function k(x, x") and feature map (x) that

satisfies (3). Let H be the RKHS of k(-,-). Then any f(x) € H can be
written in the form

F) = (w,(x),  FOOIF = inf{{w, w) : f(x) = (w,9(x))}.

Consequently, the solution of (10)

()—argf(n;m [ ZL (X0, i) Hf(')II%]

is equivalent to the solution of (2)

W = arg mMi/n [:7 Z L({w,y(Xi)), Yi) + Q\HWHZI :
i=1



Example 10 (Expl 9.10)

Consider support vector machines for binary classification, where
label Y; € {£1}. Consider the following method in feature space:

= argmin [ Zmax(O 1—(w,v(X))Yi) + %(W, W)] .

The primal kernel formulation is:

R . 1 n n A
W = argmin {n Zmax (0,1 - Zajk(X,-,Xj) Y,) + EaTKana

i=1 Jj=1

The equivalent dual kernel formulation is:

= arg max [—/2\04 Knxna + )\aTY} subject to «; Y; € [0,1/(An)].
a€eR”



Variation of Representer Theorem

Proposition 11 (Prop 9.11)

Let H be the RKHS of a kernel k(x, x') defined on a discrete set of n
points Xy, ..., Xn. Let Khxn be the Gram matrix defined on these
points in (4), and K™ be its pseudo-inverse. Then for any function

f € H, we have
f(X1)
]2, = £" K f, where f= :
f(Xn)



Proof

We can express f(x) = Y7, a;k(X;, X). Let a = [, ..., an] T, we
have f = Kh«na. It follows that

112, = " Knsnae = " Knsen K, pKnenr = £T K f

This proves the desired result.



Semi-Supervised Learning Formulation

Corollary 12 (Cor 9.12)

Assume that we have labeled data X, ..., X, and unlabeled data
Xnits -+ s Xnim. Let K = Knymyx(n+m) b€ the kernel Gram matrix of
a kernel k on these m + n points, and let H be the corresponding
RKHS. Then (10)

#-) = arg_min [1ZL(f(x,->, Y,-)+3Hf(->||%]

f(-)eH P

defined on these data points is equivalent to

?() min [ ZL +;\fTK+f f=

feRfH»l’ﬂ




Universal Approximation

Definition 13

A kernel k(x, x') is called a universal kernel on X c RY (under the
uniform convergence topology) if for any continuous function f(x) on
X, and any € > 0, there exists g(x) € H such that

Vx € X |f(x) — g(x)| <,

where # is the RKHS of kernel k(-, -).



Theorem 14 (Approximation of Lipschitz Functions, Thm 9.14)

Consider a positive definite translation invariant kernel
k(x,x") = h(|lx — X[l /),
where || - || is a norm on RY. Assume that h(-) € [0, 1], and

co= [ hlxihax e (0,00 or = [ lixiA(lxlax < .

Assume that f is Lipschitz with respect to the norm || - ||: 3y > 0 such that
|f(x) — f(x")| < 7llx — x'|| for all x, x" € RY. If

H%:/me<w

then for any e > 0 and o = ecy/(y¢1), there exists 1, (x) € H, where H is
the RKHS of k(-), so that |1, (x)||% < (coc?)~"||f||s and

VX [f(X) — (X)) <e.



Approximation Using Polynomials

Theorem 15 (Thm 9.15)

Consider a compact set X in R9. Assume that a kernel function
k(x,x") on X x X has a feature representation

k(x,x') = Z Cibi(X)pi(x'),
i=1

where each ;(x) is a real valued function, and c; > 0. Assume the
feature maps {vi(x) : i =1,...} contain all monomials of the form

d
{g(x) =1Ix%":x= [x1,...,xd],aj>0}.

Then k(x, x") is universal on X.



Proof

Let H be the RKHS of k(-,-). Note that according to Theorem 9, a
function of the form g(x) = Zj’; wii(x) has RKHS norm as

(o]
2 2
g5 < Z wi/ci.
i—

It follows from the assumption of the theorem that all monomials p(x)
has RKHS norm ||p||3, < oc. Therefore H contains all polynomials.
The result of the theorem is now a direct consequence of the
Stone-Weierstrass theorem.



Example

Example 16 (Expl 9.16)

Let « > 0 be an arbitrary constant. Consider the kernel function

k(x,x") = exp(ax'x')

on a compact set of R9. Since

oo i
N o T i
k(X,X)—exp(—a)Zﬁ(X X' +1).
i=0
It is clear that the expansion of (xT x’ + 1)’ contains all monomials of
order i. Therefore Theorem 15 implies that k(x, x’) is universal.



Compositions of Universal Kernels

Theorem 17 (Thm 9.17)

Assume k(x, x") is a universal kernel on X. Let k'(x, x") be any other
kernel function on X x X, then k(x, x") + K'(x, x") is a universal
kernel on X.

Moreover, let u(x) be a real-valued continuous function on X' so that

sup u(x) < oo, inf u(x) > 0.
XEX xXeX

Then K'(x, x") = k(x, x")u(x)u(x") is a universal kernel on X .



Proof of Theorem 17

Let k(x, x") = (¥(x), ¥ (x")) with the corresponding RKHS denoted
by #, and let k'(x, x") = (¢'(x), ' (x))3 with RKHS #'.

k(x, x') + K'(x, X)) = (¥(x), (X)) + (@' (x), /(X)) 3¢

Using feature representation, we can represent functions in the
RKHS of k(x,x") + K'(x, x’) by (w, ¥ (x))% + (W', 1'(x))3, and thus it
contains H & H'. This implies the first result.

For the second result, we know that

K (x,x") = (Y(x)u(x), v(x")u(x"))s, and thus its RHKS can be
represented by (w, ¢(x)u(x))%. Since the universality of k(x, x’)
implies that for any continuous f(x), f(x)/u(x) can be uniformly
approximated by (w, (X)), we obtain the desired result.



Example

Example 18
Consider the RBF kernel function

k(x,x") = exp(—alx — X|3).

Since
k(x, x") = exp(2ax " X )u(x)u(x),

where u(x) = exp(—a||x||3), Theorem 17 and Example 16 imply that
k(x, x") is universal on any compact set X ¢ RY.



Property of Universal Kernel

Theorem 19 (Thm 9.19)

Let k(x, x") be a universal kernel on X. Consider n different data

points Xi,..., X, € X, and let K« be the Gram matrix defined in
Theorem 2. Then Kpxn is full-rank.



Generalization Analysis: Constrained RKHS
Consider feature representation

f(x) = (w, ¥(x)),
with the induced RKHS. Theorem 9 implies the following.

Equivalent Representations

If we define the function class
F(A) = {f(x) € H: |If5 < A},

then for any feature map that satisfies (3), 7(A) can be equivalently
written in the linear feature representation form as:

F(A) = {f(x) = (w,p(x)) : (w,w) < A%} (11)

That is, a function with RKHS regularization is equivalent to linear
model with L, regularization.



Rademacher Complexity

Theorem 20 (The First Inequality of Thm 9.20)

Consider F(A) defined in (11). We have the following bound for its
Rademacher complexity:

R(F(A), Sn) <AJ 2Zk(x,,x



Proof of Theorem 20
For convenience, let |w| = \/(w, w). We have

R\ =E, sup [ Za, (w, w>]
=E, sup [ Z o (X

o
Z onp(X

WZW ) = A2ka,,X)

This proves the second bound. For the first bound, we note that

AA2
R(F(A), s,,)<RA+ < ZZK (X5, Xi) + =~

-h\y -h\y

_Ef

Optimize over A > 0, we obtain the de3|red result.



Lipschitz Loss

Corollary 21 (The First Two Inequalities of Cor 9.21)

LetG(A) = {L(f(x),y) : f(x) € F(A)}, where F(A) is defined in (11).
If L(p, y) is v Lipschitz in p, then

R(G(A), Sn) <A7J — Zk X, Xi),

EXNDk(X7 X)
= -

Rn(G(A), D) <A



Result used in the Proof of Corollary 21

Theorem 22 (Rademacher Comparison, Thm 6.28)

Let {¢;}7_, be functions with Lipschitz constants {~;}7_, respectively.
That is, vl € [n]:

|9i(6) — ¢i(6)] < il0 — 6'].
Then

E, sup [Z oigi(f

feF

< E, sup [Z oiif( )] .

feF | iz,



Proof of Corollary 21

The first inequality follows from Theorem 20 and the Rademacher
comparison theorem in Theorem 22.
The second inequality follows from the following derivation:

1 n
Rn(g(A)7 D) :]ESnR(g’Sn) S A’Y]F‘Sn\l ? Z k(Xiv XI)
i=1

(a) 1 n
<A, | 5Es, Y _ k(X X)
i=1

—Ay %EDK(X, X).

The derivation of (a) used Jensen’s inequality and the concavity of

Ve



Uniform Convergence and Oracle Inequality
Corollary 23 (Cor 9.22)

Assume that sup[L(p,y) — L(p',y")] < M, and L(p, y) is y Lipschitz
with respect to p. Then with probability at least1 — §: for all f € H
with || f||y < A:

EpL(f(X),Y) < :7’21: L(F(X), Vi) + gfyA\/]EDk(nXaX) N M\/m(;r/f)

Moreover, for (9), if we solve it approximately up to sub-optimality of
¢/, then we have with probability at least1 — 6

Epl((X),Y) < inf EpL(f(X), Y) + ¢ +2yA,/ E2KX:X)
Iflin<A n

iy 2In(2/5)'
n



Consistency
In Corollary 23, as A — oo, we have

inf EpL(f(X),Y)— inf EpL(f(X),Y).
i, ER LI, Y) = inf EpL(T(X). Y)

If k(-,-) is a universal kernel, then

li inf EpL(f(X),Y inf  EpL(f(X),Y).
Alamoonﬁ;gA b (( )7 )—>meas|3rablef b (( )7 )
Combine this with the generalization result of kernel method in
Corollary 23, we know that as n — oo, and let A — oo, the following
result is valid.

With probability 1,
EpL(F(X),Y)—  inf  Epl(f(X),Y).

measurable f



Example 24 (Rademacher Complexity Margin Bound)

For binary classification problem with y € {£1}, we consider
classifier induced by a real valued function f(x): predict y = 1 if
f(x) > 0 and y = —1 otherwise. If f(x) is taken from an RKHS, then
with probability 1 — 4, for all f € H with ||f||y < A:

Bo1(100Y £0) <1 Y 110 vy < + 2y E2HEX)

i=1

In(1/6)
2n

It says that if we can find a classifier with a small margin error, then
we can achieve a good test classification error.

The bound can be obtained as a direct consequence of Corollary 23,
using a loss function L(p, y) = min(1, max(0,1 — py/v)), which is v~
Lipschitz. In this case, 1(f(x)y < 0) < L(f(x),y) < L(f(x)y < 7).



Example: SVM Loss

Example 25

For SVM loss, v = 1. With hard regularization, we can take
M = (1 + AB), where we assume that k(x, x) < B?. Consider f that
solves (9), which we restate here as

) = =N L(f ) subject to ||f(-)|lx < A,
() =arg mleanZ ). Vi) subject to [[f(-)]lx <

up to an accuracy of ¢ > 0. From Corollary 23, we obtain with
probability at least 1 — 6,

R , 2AB 21n(2/9)
EpL(f(X),Y) < inf EpL(f(X), Y)+e+ﬁ+(1+AB),/7.



Vector Valued Functions

We now consider vector valued functions (such as multi-class
classification) using kernels.

Feature Space Representation of Vector Valued Functions

Consider f(x) : X — R9 for some g > 1. Let f(x) = [f1(X),..., fg(X)],
then

fo(x) = (W, ¥ (x, 0)). (12)

Similar to (2), we have the following formulation in feature
representation:

weH | N

i = arg min [1ZL(<W,¢(X,-,->>, V) + ;kuzl SE)
=1

where (w, ¥ (Xj, -)) denotes the g-dimensional vector with
(w, (X, 0)) as its ¢-th component.



Matrix Kernel for Vector-valued Function

The matrix kernel function can be defined:
ki,j(xvxl): W(Xai)’w(xldl» (I>/: 17,Q)
and its matrix representation is

k1,1 (Xa X,) k1,q(Xa X,)
k(x,x) = ; ;
Kg1(X;X') -+ Kqq(x,x')

The kernel Gram matrix becomes

k(X1,X1) - k(Xq,Xg)

k(Xg, Xq) -~ k(Xg,Xq)



Vector Representer Theorem

Theorem 26 (Thm 9.29)

Consider q-dimensional vector valued function f(x). Let f(x) = (W, ¢(x, "))
with W being the solution of (13). Then

n
= Z k()(la X)dfa
i=1

(W, W) = ZZaTkx X)é

i=1 j=1

Therefore the solution of (13) is equivalent to

w155 () 35 v

/1/1

>
H



Multi-class Classification Example
Example 27 (Structured SVM Loss, Expl 9.32)

Consider the structured SVM loss function [Tsochantaridis et al.,
2005] for g-class classification problem, with y € {1,..., g}, and for
f e RY:

L(f7 y) = mgax[’)/(yve) - (fy - f@)]a

where v(y,y) = 0 and ~(y, ¢) > 0. This loss tries to separate the true
class y from alternative ¢ # y with margin ~(y, ¢). It is Lipschitz with
respect to ||f||y with v4 = 1. For problems with k; ,(x, x) < B for all x
and ¢, we have from Corollary 9.31 that

gAB
R(G,Sn) < W

This result employs multi-class Rademacher comparison result in
Corollary 9.31, leading to a Rademacher complexity bound of O(,/q).



Multi-class Classification Example (cont)

Proposition 28 (Prop 9.33)

Consider a loss function L(f, y) that is v -Lipschitz in p with respect
to the Ly,-norm:

IL(p,y) — L(P', ¥)| < YoollP — P'llcc-

Let F = {f(x) = [f(x),.. ., lq(X)] : fo(x) = (W, ¥(x,£)), (w
Assume that sup, ,(1)(X, E) Y(x,0)) < B2, Letg {L(f,y): fe F}.
Then there exists a constant cy > 0 such that

CoYooABIn ny/In(nQq)

R(G,Sn) < W

This result requires the empirical L., covering number estimate of L,
regularized linear functions in Theorem 5.20.



Summary (Chapter 9)

» Reproducing Kernel Hilbert Space

» Universal Approximation

» Generalization and Rademacher Complexity
» Vector-valued Functions.



